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Abstract. We study a system of nonlinear elliptic PDEs associated with a quasi-homogeneous 
polynomial. These equations were proposed by Witten as the replacement in the Landau- 
Ginzburg/singularity setting for the Cauchy-Riemann equation. 

We introduce a perturbation to the equation and construct a virtual cycle for the moduli 
space of its solutions. Then, we study the wall-crossing of the deformation of the per- 
turbation and match it to classical Picard-Lefschetz theory. An extended virtual cycle is 
obtained for the original equation. Finally we prove that the extended virtual cycle satisfies 
a set of axioms similar to those of Gromov- Witten theory and r-spin theory. 
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1. Introduction 

This is the second installment of a series of papers devoted to the mathematical theory of 
Witten equation and its applications. The Witten equation is a system of nonlinear elliptic 
PDE associated to a quasihomogeneous polynomial W. It has the simple form 

^ ^ n 
oui + — — - 0, 

oui 

where W is a quasi-homogeneous polynomial, and m,- is interpreted as a section of an ap- 
propriate orbifold line bundle on a Riemann surface Some simple examples are 

(A,.-case): du + u'' -0 

(Z)„-case): dui + nu"^^ + u^ — Q, du2 + 2u\U2 — 0. 

{Ej-case): dui + 2>u\ + u\- 0,du2 + 2>u\u\ - 0. 
To understand the importance of the Witten equation, we have to go back to the famous 
Landau-Ginzburg/Calabi-Yau correspondence [Marl, fVW'l, | Wi4 |. Most of known exam- 
ples of Calabi-Yau 3-folds are constructed as a hypersurface or a complete intersection 
of toric varieties. Its defining equation has a natural interpretation in terms of Landau- 
Ginzburg/singularities theory. To compute Gromov-Witten invariants is basically to solve 
the Cauchy-Riemann equation for maps from Riemann surfaces. It is generally difficult to 
solve the Cauchy-Riemann equation on a nonlinear space such as a Calabi-Yau manifold. If 
we compare the Cauchy-Riemann equation on a Calabi-Yau manifold to the anti-self dual 
equation in Donaldson theory, the Witten equation plays the role of the Seiberg-Witten 
equation. It takes a while to set up. But we expect that its invariants are much easier 
to compute. A program was launched by the authors six years ago to establish a mathe- 
matical theory of these equations and its various consequences in geometry. We believe 
that we have achieved some initial success, although a lot more remains to be done. In 
URTRl 'l, we formulated the algebraic-geometric foundations of the theory, its main prop- 
erties in terms of axioms as well as the applications to mirror symmetry. In this article 
and its sequel IIFJR2I . we will establish its analytic foundations. A fourth article 0FJR3I 
under preparation will establish the famous Witten conjecture for the integrable system of 
AD/i-singularities. 

A casual investigation of the Witten equation reveals that the Witten equation is much 
more subtle than its simple appearance would suggest. Suppose m,- e Q''(^). A simple 
computation shows 

where log means a (0, 1) form with possible singularities of order < 1. Namely, the Witten 
equation has singular coefficients ! This is a fundamental phenomenon for the application 
of the Witten equation. A Calabi-Yau manifold has cohomological information which we 
expect to discover from the Witten equation. At first sight, it seems to be difficult to re- 
produce it from the Witten equation. Now we understand that the singularity of the Witten 
equation is the key to producing such cohomological data in our theory. Unfortunately, 
the appearance of singularities makes Witten equation very difficult to study. This is the 
main reason it took us such a long time to construct the theory. Another subtle issue is 
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the fact that we need an isomorphism s ^ for the two terms of the Witten equation 
Uving in the same space. The required isomorphism can be obtained by a choice of metric. 
A nontrivial fact is that such a metric can be constructed uniformly from a metric of the 
underlying Riemann surface. Then the question is: Which metric we should choose on 
the Riemann surface? We should mention that a different choice of metric often leads to 
a completely different looking theory including a different dimension for its moduli space. 
Apparently, there is no physical guidance for the correct metric we should choose. We 
have experimented with both smooth and cylindrical metric near marked points. Now we 
understand that both choices are important for the theory! In MFJRL we studied the theory 
for the smooth metric. In this article, our main choice is a cylindrical metric. 

Let's briefly outline our construction. Let ^g,k.wiji , Jk) be the moduli space of 
IV-structures decorated by the orbifold structure y, at the marked point z, (see section 2). 
Technically, it is more convenient for us to work on the moduli space of rigidified W- 

rig 

Structures ^^j. 5^(71, ■ ■ ■ ,yk). These are the background data for the Witten equation. 
Unfortunately, it is rather difficult to solve the Witten equation due to the fact that W is 
highly degenerate. It is much easier to solve a perturbed equation for W + Wo, where Wo 
is a linear perturbation term such that Wy + Woy is a holomorphic Morse function for every 
J. Here Wy, Woy are the restrictions of W, Wo to the fixed point set Cy'. The crucial part of 
the analysis is to show that a solution of the Witten equation converges to a critical point 
of Wy. + Woy, . This enables us to construct a moduli space 

where kj^ is a critical point of Wy,. + Wolc« ■ We call Wo strongly regular if (i) Wy, + Woy, 
is holomorphic Morse; (ii) the critical values of Wy. + Woy, have distinct imaginary parts. 
Our first important result is Theorem l5.4.3l which can be written in the simple form: 

rig 

Theorem 1.0.1. If Wo is strongly regular, then ^ ^ 1^ w('^Jt > ' ' ' > ^>i ) compact and has a 
virtual fundamental cycle g\ wi'^ii > ' ' ' > '^jk)\™ of degree 

2((cw - 3)(g -\) + k-Y^ ly,) -Y^Ny,. 

i i 

Here, Ly. is a certain degree shifting number defined in section two. 

It turns out to be notionally convenient to map the above virtual cycle into H»{.y£ ^ I w> Q) 
even though it is not a subspace of the latter in any way. This is the first step of our con- 
struction. We have not yet seen the cohomology data we hope for. Then, a crucial new 
phenomenon comes into play when we study how the above virtual cycle changes when 
we vary the perturbation. It turns out that the above virtual cycle does depends on the per- 
turbation. It will change when Wo fails to be strongly regular. The "wall crossing formula" 
proved in Theorem l6. 1 .61 shows the following quantum Picard-Lefschetz theorem: 

Theorem 1.0.2. When Wo varies, g^-^^Kj^, ■ ■ ■ ,KjJY"^ transforms in the same way as 
the so called Lefschetz thimble S attached to the critical point kj^. 

The "wall crossing formula" of the above virtual cycle can be neatly packaged into the 
following formula. Let S, be the set of dual Lefschetz thimbles. To simplify the notation, 
we assume that there is only one marked point with the orbifold decoration y. Then, wall 
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ng 

crossing formula of i jyC"'!)]"'^ shows precisely that 



viewed as a class in Ht{M ^ j ^(y), Q) ® H^^iCy^ , WJ^, Q) is independent of the perturba- 
tion. Now, we define 

J 

The above definition can be generalized with multiple marked points in an obvious way. It 
is obvious that 

[^r^,iy(ri , • ■ ■ , 7k)Y''' e i/.(::#"'_^(r, , ■ ■ ■ , n), q) ® h^^^ (c^^^- , w;, Q) 

of degree 



2((cw-3)(g-l) + k-Y^iy). 



Corollary 1.0.3. wiji > ■ ■ ' > 7k)Y"^ is independent of the perturbation Wq. 

Wq is only part of the perturbation data. Eventually, we want to work on g^k,w- 

known from section|2]that so : ^ — > ^g,k,w is a quasi-finite proper map by forgetting 
all the rigidifications. We can define 

deg(so) 

The independence of the above virtual cycle on rigidification implies that 

i 

Similarly we can define the virtual cycle [^^^/(Y)]™ corresponding to the dual graph F. 

Besides the quantum Picard-Lefschetz theory, another main aim of this paper is to show 
Theorem 4.1.3 in our paper OFJRlll . This theorem shows that the virtual cycles constructed 
in this paper satisfy a set of axioms similar to the standard Gromov-Witten theory. We state 
it below. 

Theorem 1.0.4. The following axioms are satisfied for [^w(^)V"^- 

(1) Dimension: If Dr is not a half-integer (i.e., if Dr i then ^^w(r)\ - 0. 
Otherwise, the cycle |^^iv(r)j has degree 



-6 + 2k- 2Dr = 2 



{c-3)(l-g)+k- 2 ir 



(1) 



So the cycle lies in HA^w(T), Q) » UreTir) Hm (C:J' , W^, Q), where 



( N ^ 

r:^6g-6 + 2k-2D- = 2 (c - 3)(1 - g) + k - ^ t(rr) - J] -j 
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(2) Symmetric group invariance: There is a natural S k-action on .'^g^k,w obtained by 
permuting the tails. This action induces an action on homology. That is, for any 
cr e S kwe have: 

For any decorated graph T, let crF denote the graph obtained by applying <t to the 
tails ofT. 
We have 

cr, [3#H'(r)]''"' = [^w(o-T)J"' . (2) 

(3) Degenerating connected graphs: Let F be a connected, genus-g, stable, decorated 
W-graph. 

The cycles ^^w(^)\ ond g,k,w(y)\ ore related by 

[I^^cr)]"' = f ^g,kAy)\" (3) 

where i : ^wi^) — > -'^g.k.wij) is the canonical inclusion map. 

(4) Disconnected graphs: Let T - ]J, F, be a stable, decorated W-graph which is the 

disjoint union of connected W -graphs T,-. The classes .^mwi^) and ^wird 
are related by 

[:Zw(r)]"" = [:^w(r,)]"' X ■ ■ ■ X [ZdwiTd)]'" ■ (4) 

(5) Weak Concavity!^ Suppose that all the decorations on tails and edges are Neveu- 
Schwarz, meaning that - 0. In this case we omit the Hi^^ (Cy., W!^,Q)from 
our notation. 

If, furthermore, the universal W -structure . . . , on the universal curve 
71 ^ ^iy(r) is concave ( i.e., tt, (® = Oj, then the virtual cycle is given 

by capping the top Chern class of the orbifold vector bundle -R^Ut .^i) with 

the usual fundamental cycle of the moduli space: 

\^w(T)\ . (5) 

(6) Index zero:Suppose that dim ^{Y) — and all the decorations on tails ofY and 
edges are Neveu-Schwarz. 

If the pushforwards n» .^i^ and R^tt^ JStf,^ are both vector spaces of the 
same dimension, then the virtual cycle is just the degree deg(W) of the Witten map 
times the fundamental cycle: 

\^w{T)Y = deg(#')[pw(r)l 

where the jth term Wj : tt* «- R^nt^j of the Witten map is given by 

Wj = 5.,,W(jci,...,Jt;iv). 













-R'n,^ 




n 






=1 ) 





'This axiom was called convexity in IJKVll because the original fonn of the construction outlined by Witten 
in the A^-i case involved the Serre dual of Jf, which is convex precisely when our J/f is concave. 
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(7) Composition law:Given any genus-g decorated stable W -graph F with k tails, and 
given any edge e of T, let Ycm denote the graph obtained by "cutting " the edge 
e and replacing it with two unjoined tails t+ and t_ decorated with 7+ and y_, 
respectively. 

In view of the gluing/cutting commutative diagram: 




the fiber product 
has morphisms 

We have 

where 

< )± : H.C^wiTcud^ Yl HNjc^^,w;^,q)mNjcl,w;^,q)mNjcl,w;_,q) 

r€r(n 

H^C^wiTcud® n HNjc!^^,w;;^,q) (8) 

T€T(r) 

is contraction of the last two factors via the pairing 

{,}: H^^^ {Cl , , Q) ® H^^ (Cl , , Q) Q. 

(8) Forgetting tails: 

(a) Let r have its ith tail decorated with 7"', where J is the exponential grading 
element ofG. Further let T' be the decorated W -graph obtained from T by 
forgetting the ith tail and its decorations. Assume thatT' is stable, and denote 
the forgetting tails morphism by 

We have 

" RwCr')!'"' • (9) 

(b) In the case of g - and k - 3, then the space ^wiji^Ji, J^) is empty if 
7172 1 and 3#o,3,w(r, 7"' , = ^G. We omit Hn^_, (CJ., , Wy_^ ,Qf =Q 
from the notation. In this case, the cycle 
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is the fundamental cycle of 3§G times the Casimir element. Here the Casimir 
element is defined as follows. Choose a basis {at} ofH^^iCy, W!^, Q)*^, and a 
basis of Hn^_^ (C'^, , H^^, , Q)^. Let rnj = {auPj) and be the inverse 

matrix ofirjij). The Casimir element is defined as Yjij cnii]'-' ® fSj. 
(9) Sums of Singularities: 

IfWie C[zi,...,Zt] and W2 e C[zt+i, ■ ■ ■ ,Zt-n'] are two quasi-homogeneous 
polynomials with diagonal automorphism groups Gi and G2, and if we write W — 
Wi + W2 then the diagonal automorphism group ofWisG — Gi X G2. Further, 
the state space -jy/fw is naturally isomorphic to the tensor product 

Jifw — -^Wx ® '!^W2 1 (10) 

and the space ^ gxw is naturally isomorphic to the fiber product 

g.kM - '^g,k,Wi ^Z^^^ g,k,V/2- 

Indeed, since any G-decorated stable graph T is equivalent to the choice of a 
G {-decorated graph Yi and Gi-decorated graph Y2 with the the same underlying 
graph r, we have 

w{T) = w, (Fi) x^^^pj ^ W2(r2). (11) 
The natural inclusion 

together with the isomorphism of middle homology induces a homomorphism 



A* 



k \ 



HA J^gXw, , Q) ® n i/^,, , (C^,, , (WO;, , Q) 
1=1 

k 

H,(^g,k,w2, Q) ® n ^^^..(cj;,, (W2) 

i=l 

k 



\GIXC2 



(yi.i,yi,2)' 

/■=! 



The virtual cycle satisfies 

A*i^^g^k,w,] ®[^g,k,W2] ) = [^fttWi+w,] (12) 

To complete our theory, we also need to establish the full concavity where we remove 
the NS-assumption on nodal points. The technique to deal with this case is quite different 
from our current set-up. We need to construct a theory with a smooth metric on nodes and 
prove a comparison theorem to our current set-up. We shall deal with it in a separate article 
IIFJR21 . 

The paper is organized as follows. In Section |2] we will summarize the algebraic- 
geometric set up of fFJRl I and some of the easy consequences. The perturbed Witten 
equation and its nonlinear analysis on a smooth curve or orbicurve will be defined in Sec- 
tion[3] In Section|4l the perturbed Witten map and equation will be defined on the moduli 
space of rigidified W-curves. We will prove the Gromov compactness theorem for the 
space of W-sections. The virtual cycle will be constructed in Section |5] The main theo- 
rems will be proved in the last section. 
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2. RiGIDIFIED W-CURVES AND THEIR MODULI 

Recall that the variable m, of the Witten equation is supposed to be a section of certain 
orbifold line bundle ^ over the Riemann surface. The fact that m, satisfies the Witten 
equation forces a certain condition on ^ satisfying the required condition is called 
a W-stmcture. The W-structure is the background data of the Witten equation. A de- 
tailed construction of the moduli of W-structures has been worked out in our previous 
paper fFJRll. It is technically convenient to work over the moduli space of rigidified W- 
structures. In this section, we summarize the construction of [FJRl | . 

Definition 2.0.5. For any non-degenerate, quasi-homogeneous polynomial W e C{x\, . . . ,Xf^'\, 
we define a W-stmcture on an orbicurve '^ta to be the data of an A^-tuple {^i , . . . , ^f^) of 
orbifold line bundles on and isomorphisms (fj : WjiJtfi, . . . , J/f^) — > K'^jog for every 
j e {I, . . .,s}, where by Wji^i , . . . , ^ai) we mean the jth monomial of W in Jffj: 

Wji^i ® ■ ■ ■ ® ^T" ■ 

Note that for each point /? e an orbifold line bundle ^ on induces a represen- 
tation Gp » Aut(^). Moreover, a W-structure on ^€ will induce a representation 

Pp : Gp >- G c [/(l)'^. For all our W-structures we require that this representation pp 

be faithful at every point. 

The moduli space .^g^k.w of IV-structures was constructed in fFJRll along the lines 
of the Delign-Mumford moduli space. It is a smooth non-effective orbifold. There is an 
obvious finite map 

St : ^gxw — > ^ g,k- 

It was shown in IFJRll that 

Jig,k,-w - \ \ Ji g,kMy\ , ■ ■ ■ , jk), 

where ^g^k,w(7i, ■ ■ ■ ,7k) is the moduli space of W-structures with the orbifold structure 
at the i-th marked point decorated by y,. 

It is convenient for us to work on the rigidified W-structure. Let phea marked point. A 
rigidification (at p) is a homomorphism 

^ : fpS^i ®---®^n) ► [C'lGpS 

A more geometric way to understand the rigidification is follows. Suppose the fiber 
of the W-structure at the marked point is Lj ® Li - ■ ■ ® L^f/Gp. The rigidification can be 

N 

thought as a Gy,-equivariant map iff : (BiLi >■ commuting with the VK-structure. For 

any element g e Gp, gij/ is considered to be an equivalent rigidification. Alternatively, i/r is 
equivalent to a choice of basis e, e L, such that Wj(ei, ■ ■ ■ , cn) - dz/z and g{ei), ■ ■ ■ gie^) 
is considered to be an equivalent choice. In particular, if L, is fixed by Gp or L, corresponds 
to the Ramond variable, there is a unique choice of basis e, with Wjiei, ■ ■ ■ , e^) - dz/z- On 
the other hand, the choice of basis on the Neveu-Schwarz variables is only unique up to the 
action of Gp. It is clear that the group G/Gp acts transitively on the set of rigidifications 

within a single orbit. Let ^^''(T) be the moduli space of equivalence classes of W- 

structures with a rigidification at p. G/Gp acts on .^(/'(F) by changing the rigidification. 
It is clear that 

:^''^'"(r)/(G/Gp)^:^w(n 
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We use oji,\ii/ to denote the moduli space of rigidified W-structures at all the marked 
points. 

Forgetting the rigidification gives a morphism 

so : " 

which we call softening. The morphism so is quasi-finite since one can always construct 
a rigidification of any unrigidified W-structure, and acts transitively, but usually not 
eflFectively, on the set of rigidifications. It easy to see that so is proper and of Deligne- 
Mumford type. Furthermore, so is representable, since the automorphisms of any rigidified 
W-curve are a subgroup of the automorphisms of the corresponding unrigidified W-curve. 

Now we describe the gluing. To simplify notation, we ignore the orbifold structures at 
other marked points and denote the type of the marked point being glued by 7+, 7_. 

Because the resulting orbicurve must be balanced, we require that y_ - y"^ . Let 

be the rigidifications. Moreever, the residues at p+,p- are opposite to each other. The 
obvious identification will not preserve the rigidifications. Here, we fix once and for all an 
isomorphism 

7 : ^ 

such that W{I{x)) = -Wix). I can be explicitly constructed as follows. Suppose that 
qi = rii/d for common denominator d. Choose = -1. Then, 

/(xi,--- ,x^) = (^'=>xi,--- (13) 

If /' is another choice, then G Gw- Furthermore, G Gw as well. The identification 
by / induces a W-structure on the nodal orbifold Riemann surface with a rigidification at 
the nodal point. Forgetting the rigidification at the node yields the lifted gluing morphisms 

(14) 



ng _i 

Ploop.y ■ ■^g,k+2(7'y ) " •^g.k, (15) 

and 

p : I^^if (f) — ^ :^w(r), 

where p is defined by gluing the rigifications at the extra tails and forgetting the rigidifica- 
tion at the node. 

rig 

Next, we summarize some of the basic properties of They are easy conse- 

quences of the existence of a universal family. We leave the proof to the interested readers. 
As a warm-up, we start with the Deligne-Mumford moduli space ^g^k- 

2.1. The structure of the DeUgne-Mumford space ^g^k- Let ^ be the moduli space 
of Riemann surfaces of genus g and having k marked points (assuming k + 2g > 3). The 
Deligne-Mumford compactification ^g^k of ^g^k is the set of all isomorphism classes 
of stable nodal Riemann surfaces in ^gj;. The following is well-known and an easy 
consequence of the existence of a universal family. 

The moduli space ^g^k is a stratified space, indexed by a set Comb(^, k). Each element 
in Comb(^, k) is represented by a triple (F, o) satisfying the following requirement: 

(1) F is the dual graph of some nodal curve with each vertex assigned the genus gy 
of the component of ^ corresponding to v. 
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(2) o is a map from {1, ■ ■ ■ , ^) to the set V(T). 

(3) Let kv be the number of elements of the set r(v); then 

ky + 2gy>3 and ^ + rank//i(r, Q) = g 

V 

^From the definition, it is easy to see that the number of combinatorial types (F, gy, o) 
in Combig, k) is finite. 

Each stable curve € ^g^k has a dual graph F and corresponds to a combinatorial type 

(r,gy,o). 

There is a partial order > on Comb(g, k) defined as follows. Let (F, gy, o) e Comb(g, k). 
We consider (Xv,gvw,Ov) e Comb{gy,kv) for some vertices v = vi, ■ ■ ■ , Vq of F. Now we 
replace the vertex v by the graph Fy, and join the edges containing v to Oyi j); then we obtain 
a new graph F. gy is determined by gy and gy„ in a natural way. If o(y) Vi,i - 1 , ■ ■ ■ , fl,let 
o{j) - o{j); if o{j) - Vj, then the jth marked point corresponds to some / e {1, ■ ■ ■ ,ky.}, 
and we let d(j) = Oy.(j'). So we get an element {T,gy,d) e Comh{g,k). If {r,gy,d) is 
obtained in this way from (r,gy,o), we define (r,gy,o) > {T,gy,d). There is a minimal 
element in Comb(g, k) which satisfies, for any vertex v, gy - and = 3. 

Definition 2.1.1 (Cylindrical metric). We can view a disc neighborhood of a nodal or 
marked point as a half-infinite cylinder S ' x [To, oo) for some To > plus the infinity point 
z. We say that a metric is cylindrical near a neighborhood of a nodal or marked point if we 
take the flat metric dw ® dw on the cylinder S ' x [To, oo), where w - s + iOis the cylindric 
coordinate. 

Remark 2.1.2. Other uniform metrics near the marked points can also be chosen; for 
instance, one can choose the smooth metric or hyperbolic metric. See the discussion in 

Hal. 

The moduli stack ^g^k has the following structure: 

Proposition 2.1.3. Let ^g^ki^) be the set of all stable curves having combinatorial type 
(F, gy, o), Then 

• For each marked point Zi, there is an orbifold disc bundle Di ^g,k such that 
the fiber at E is a disc neighborhood of Zi- Furthermore, there is a smooth fam- 
ily of metrics on Di parameterized by 1, € ^ gj^ such that in a uniformly small 
neighborhood of the zero point the metric is a cylindrical metric. 

• -y^ gji is a compact complex orbifold of (complex) dimension 3g - 3 + k which 
admits a stratification with finitely many strata, and each stratum is of the form 
•^g,k(^)- There is a minimal stratum containing only one point (^, z). 

• There is a fiber bundle Cg^k(r) — > ^g_jt(F) which has the following property. For 
each X — {^x,'^x) £ ^g,k(r), there is a neighborhood of x in ^g^ki^) of the form 
Ux — Vx/Gx, where Gx — Aut(^t,z^) such that the inverse image ofUx in "^g^ki^) 
is diffeomorphic to Vx X "^x/Gx- There is a complex structure on each fiber such 
that the fiber ofy — (^y, Zy) is identified with C^, Zy) itself together with a Kdhler 
metric py which is cylindrical in a neighborhood of the nodal points and varies 
smoothly in y. 

• ^g^kiX') is contained in the compactification of^g^ki^) in ^ gji, only if(r, gy, o) > 

(r\g'y,o'). 

• Different strata are patched together in a way which is described in the following 
local model of a neighborhood of a stable curve in ^ gj^. A neighborhood of 
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X - z) in ^ g^k is parametrized by 

v.x(e,([ro,Hx^'),) 

Autcr, z) 

where z — T^viZv) = ^wiZw) (here it may happen that v — w) runs over all nodal 
points of '£ , and Tq is a positive number Each y e Vx represents a stable curve 
(^y, Zy) homeomorphic to C^, z) with a Kdhler metric /iy which is cylindrical in 
a neighborhood of the nodal points. Given y e Vx, a stable curve C^y.f , Zy^^) is 
obtained as follows. Each component o/^y is given a Kdhler metric py which 
is cylindrical in a neighborhood of the nodal points. For each — (s^, 6t) € 
[To,oa)xS\ there is a biholomorphic map^' ^_ : ([Tq,oo)xS^)^^ — > ([Tq, oo)x5 '),.^^, 
defined by {sw,9vj) — {sz,Oz) ~ {sv,6v), where ([To, co) x S^)^^, is the cylindrical 
neighborhood of Zv in the component "^^y. Let s, — 2T; then for sufficiently large 
T, the map is a biholomorphism between [^T, |r] xS^ and [\T, |r] x5 We 
glue and by this biholomorphism. If — °°> do not make any change. 
Thus we obtain C^,f , Zy^^). Moreover, there is a Kdhler metric /iy_^ on ^y_f which 
coincides with the Kdhler metric Py on '^y outside a neighborhood of the nodal 
points, and varies smoothly in Each y e Aut(^, z) takes i^y, Zy) to C^yy, Zyy) 
isometrically, so it acts on ©,([ro, oo] x 5 ');. y induces an isomorphism between 
C^y,!;, Zy,^) and ('^y(y,f), Zy(j,,^)), which is also an isometry. 

^I'ig rig 

2.2. The structure of the moduli space -y^ g^w^T)- ^he structure of ^ g^w '^^^ de- 
scribed in the same way as that of ^g^k,w- However, there are some new ingredients from 
the rigidified W-structure. 

Remark 2.2.1 (Dual graph with group element decoration). As shown in PFJRll . the dual 
graph describing a sti'atum of ^ ^i^w has an additional decoration y e G at each tail and a 
pair of decorations (y, y"') at each internal edge. We use the same T to denote the original 

dual graph together with the additional decoration and ./# °{T) to denote the space of 
rigidified W-structures whose combinatorial type is described by F. Whether F contains 
the additional decoration should be clear from the context. 

Remark 2.2.2 (Canonical trivialization on cylindrical coordinate). Given a marked point 
Zj, a rigidification defines a basis e, of ^ corresponding to a Ramond variable. Hence, 
it defines a canonical trivialization of ^1,^. We can extend this canonical trivialization 
over the cylindrical coordinate at Zj. For ^ corresponding to an NS-variable, ^ has 
nontrivial orbifold structure at Zj. A rigidification defines a canonical trivialization over 
the cylindrical coordinate in the orbifold sense. 

Remark 2.2.3 (Gluing rigidifed W-structure). Suppose that E = Zi V ^2 is a nodal curve 
obtained by gluing the marked point p e l.\,q e 1,2. Given rigidified W-structures 
(^■', i/'j),(^.^, 1^^) over Si,E2, there is a canonical way to glue them to get a rigidified 
W-structure on E with an additional rigidification at the node. The rigidified W-structure 
on E is obtained by forgetting the rigidification at the node. Alternatively, a rigidified W- 
structure of E is obtained by an isomorphism / : \p = S^}\q preserving the W-structure 
while forgetting the rigidifications at p, q. 

Proposition 2.2 A. • g\ is a compact complex orbifold which is a finite cover 

of ^gXw and admits a stratification with finitely many strata, and each stratum 

^rig 

is of the form ^g i^(r). 
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• There is a trivialization of the restriction of^i to each fiber of Di. Furthermore, 
the trivialization can be chosen smoothly depending on S. 

rig 

• There are two bundles (universal families). The first one is C{T) — > ^ (F) 
which is the pull-back of the universal family of ^(V). Then there is a collection 
of (orbifold) universal line bundle, ^,(0 — > C(r) whose fiber is 

• ^(P) is contained in the compactification of.^^^(r) in .^^xw ^^h' ?f r > T'. 

• Different strata are patched together in a way which is described in the follow- 

rig 

ing local model of a neighborhood of a nodal rigidified W-structure in ^g^. Let 
X = z) be the underlying nodal stable Riemann surface. Recall that a neigh- 
borhood ofx= z) in ^gjc is parameterized by 

v.x(e,([rQ,Hx5'),) 

AutCr, z) 

where z = TTyfo) = n^izw)- An element C^, Zy) in a neighborhood of C^^;, z^) is 
obtained by gluing cylindrical neighborhoods of corresponding marked points 
on each component. Now, the gluing of J^i is obtained as follows. Recall that a 
rigidified W-structure on is obtained by identifying the fiber of at the cor- 
responding marked point and forgetting the corresponding rigidifications. Then, 
the canonical trivialization of near the marked point extends the identification 
at the marked point to the cylindrical neighborhoods which glue to a rigidified 
W-structure on z^,). 

3. The Witten equation 

We have laid down the algebraic-geometric foundations in the last several sections. Now 
we turn our attention to the analytic aspects of our theory. Even though we formulate our 
axioms in algebraic-geometric terms, the analytic aspect of the theory is at the heart of our 
construction. It remains a challenging problem to have a completely algebraic treatment of 
our theory. 

Roughly speaking, the moduli space of W-structures ^g^k,w plays the role of Deligne- 
Mumford moduli space in ordinary Gromov- Witten theory. To construct the moduli space 
of stable maps, we use the solution of the Cauchy-Riemann equation djf - where / is 
a map from a Riemann surface. In our theory, we replace / by a section s, of ,2^ or equiv- 
alently The replacement of the Cauchy-Riemann equation is the Witten equation, 
which we will describe in this section. 

3.1. Perturbed Witten equation. 

3.1.1. Cylindrical metric and Witten- equation. In this section, we fix a rigidified W-structure 
(^1 , ■ ■ ■ , ^iv, - ■■ ^fs, - ■ ■ , lAi , • • • , lA/t)- Let y; e G be the group element generating the 
orbifold structure at the marked point zi. Recall that 

k N 

1=1 j=i 

Let D = - 2^1 biji&l - qj)zi be a divisor; then there is a canonical meromorphic 
section with divisor D. This section provides the identification 
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where K^(D) is the sheaf of local possibly meromorphic sections of K-^ with zero or pole 
aXD. 

A rigidification t/r/ at zi actually gives a local trivialization of the orbifold line bundle 
or equivalently determines a basis set /71, • • • ,riN. Taking a good coordinate system 
{z] near zi , we can assume that the holomorphic basis of |^ | corresponding to ?7, satisfies 
the relation providing by <pi, 



dz y" (, .0" 



Wiieu ■ 

z 

The relation between e, and will be fuUy discussed when we define the Witten equa- 
tion on orbicurves. 

Choose the cylindrical metric on the line bundle K^{D) such that \ — \ = 1. The above 

0''' 

identity together with the nondegeneracy of W imply that the modulus = |z| ' near 
marked points. In particular, if x,- is Ramond variable, then = 1. Let Uj = UjCy, then it 
is easy to see that 

^^Kio,®\¥j\-\ (16) 

The bundle is isomorphic to topologically. But there is no canonical isomor- 

phism. However, we can choose an isomorphism compatible with the metric. It induces an 
isomorphism h : Q.i'L, |Jf,|"' (gi A°'^) -» Q(2, ® A°'') such that for a section v = ve'j, 
we have 

I\(ve'j ® dz) - v\e'jf-ej ® dz, 

where e'j is the holomorphic basis of l^jT' such that e'j ■ ej - I. 

It is obvious that /i is a metric-preserving isomorphism between the corresponding two 
spaces and that it is independent of the choice of the local charts. 

Since /i(f^) e K/og ® \^j\, the so-called Witten equation is defined below as the first 
order system for the sections mi, . . . , mjv: 



duj + 1\ 



(dW 



= 0, foraliy = l,...,Ar. 



Remark 3.1.1. In this paper, we choose the cylindrical metric near the marked points; in 
[FJR] we used the smooth metric near marked points, i,e, let \dz\ = 1 near marked points. 
Different choices give different equations near marked points. This will produce different 
theories. We will discuss the relations between the theories in future work. 

Let M, - UiCi, 'ii. Then near a marked point, the Witten equation can be written locally 

as 

^ + y = 0, (17) 

dz ^ dui 

fori =\,--- ,N. 

Note: For simplicity, we often drop "~" from S, when discussing the local equation near 
the marked point. The reader can easily distinguish from the context when we are talking 
about the sections or the coordinate functions. 



Near zi, W has the decomposition W - Wy, + W^. Without loss of generality, we can 
assume the fixed point set = lix\, ■ ■ ■ , x^,, 0, • • • , 0)}. Then, the line bundles ^ for 
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/ < Ni have no orbifold structure at zi and @J' 
any confusion. ( fTTb can be rewritten as 



0. Now we drop the subscript / without 



dui dWy 



dz dui 



Z 



dui 



(18) 



for any < i < Ni, and 



_dui 

'Tz 



,un) 



.z:.,*.-(0r))l^l 



-20'' 



0, 



(19) 



for any i > Ni. 



Example 3.1.2 (D„-equation). 

In this case, the quasi-homogeneous polynomial is W{x,y) = x" + xy^, so Wi = x", W2 - 
and fell - n,bi2 = 0;fe2i = 1,^22 = 2. The fractional degree is (gi,q2) = (-,^). G 



xy 



is generated by 7 - (e , e 2" 
Casel. r = (1,1). We have©]' 



"). There are some cases near a marked point: 
= 0^ = and the equation becomes 

-dui 



dz 



Zr^ + 2u\U2 — 

Case 2. J - 7 " and n is even. Then 0]^ = and 0? = 



+ MM, 



-1 + m2 = 



(20) 



5 > 0. In this case the Witten 



equation is 



Case 4. j + (1, 1),/" 
equation is 



^ dz 



z'^+2uiU2z\z\-' =0 



+ nu" ' + MjZ 



(21) 



where n is odd. This is the NS-case and 01(7) > 0, 01 > 0, the 



Z^ + (nu"-h" 



+ ulz^\^^^^ 



)\z\ 



-20' 



= 



(22) 



Z^+2MiM2Z®^20?|^|-20^ 



3. 1 .2. Perturbed Witten equation. When a Ramond variable is present. The Witten Lemma 
fails and there are nontrivial solutions to the Witten equation. Then, we have to study the 
moduli space of solutions of the Witten equation. The first step is to study the asymptotic 
behavior of the solution at the marked points. The moduli problem makes sense only if the 
solution has nice asymptotic behavior. From the analytic point of view, the Witten equation 
is highly degenerate in the same way that zero is a highly degenerate critical point of W. 
There is a sophisticated L^-moduli space theory by Morgan-Mrowka-Ruberman I MMRl 
and Taubes |Ta| in the literature to deal with the situation being considered. However, we 
choose to perturb the equation, which simplifies the analysis immensely. An unexpected 
bonus of our approach is the appearance of vanishing cycles. Of course, we have to pay a 
price by studying the dependence of our invariants on the perturbation. 

Our strategy is to modify the Witten equation for the Ramond variable without changing 
the equation for the NS variable. We only need to choose linear perturbations. 

Definition 3.1.3. Let W be a quasi-homogeneous polynomial. A linear polynomial Wo - 
YiibiXi is called VK-regular if W -h Wo has only nondegenerate critical points. Namely, 
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W + Wo is a holomorphic Morse function. Wo is called strongly W-regular if Wo is regular 
and for any two different critical points /c' + k' , Im(W + Wo)(/f') + Im(W + Wo)(/<:^). 

Theorem 3.1.4. Given a quasi-homogeneous polynomial W. The set of W-regular Wq 

forms a non-empty path connected open submanifold of all W). The subset of W -regular 
Wo where two or more critical points have the same Im(W + Wo) is a union of real hyper- 
surfaces separating the set of W-regular Wq into a system of chambers. 

Proof Let 

dW d^W 
X = {(XI, ■■■ ,XN;bu--- , bN); ^+bi = 0, det(— -) = 0} c C'^ x C'^. 

oxi aXiOXj 

We claim that X is an affine variety of complex dimension - 1. It is clear that the set of 

regular Wo is C^-7T2(X), where 7T2 : C'^xC'^ ^ C'^ is defined by (xi , ■ ■ ■ , x^v, /?! , • • • , fo,v) ^ 
(bi, ■ ■ ■ ,bt^). Since n2 is an algebraic map, niiX) is an algebraic subset of dimension 
<N - I. Therefore, - n2iX) is an open cormected submanifold. 
Let 

F = (^+fci,...,|^+fc^):C'^xC'^^C5. 

OXi OXfi 

Let x„ bj be the corresponding tangent vectors. Then, 

DF^^biXu ■■■ ,XN,bu--- ,bN) = i) ^ „ a Xj + fol, • • • , > —Xj + bN) 

J J 

is obviously surjective. Hence, F^\0) is a smooth affine variety. X - F"'(0)ridet(^^^)"'(0) 
is a hypersurface of '(0) of dimension A' - 1 unless det(^^) vanishes on some com- 
ponent of F~'(0). On the other hand, (xi, • • • , xn) is a nondegenerate critical points iff 
(xi, • • • , Xn) is a regular value of the projection map tt] : F^\0) C. Hence, the set of 
nondegenerate critical points is dense and det(^J^) can not vanish on any open subset of 

F-\0). 

It is known that the cardinality of the set of nondegenerate critical points is precisely 
the dimension of the middle homology of the Milnor fiber and hence a constant number 
The manifold of nondegenerate critical points Y = F '(0) - det(^i^) '(0) is a disjoint 
union of components Y = Ui</<j^b, Yj. Furthermore, each component 7, is isomorphic to 

- n2{X). Let 

„ Im(w+Wo) 

Note that Z)Im(W + Wo)(xi, • • • , = at critical points. 

Dlm{W + Wo)(5i, ■■■ ,bN)- Im(xi5, • • • ,XAr5iv). 
Let(x'p--- ,xjy,foi,--- ,bN)eYi. 

Dili - fj)(bu ■■■,bN) = Im((xi - x{)5i, • • • , (x^ - xi,)h) 

is surjective for / ^ /. Therefore, zero is a regular value of f - fj and (/' - f^)~^(0) is a 
smooth real hypersurface. We have finished the proof. 

□ 
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Suppose that y parameterizes the orbifold structure at the marked point. The quasi- 
homogeneous polynomial can be decomposed into the sum of the polynomials Wy and 
Wt^. Take a fixed W^y-regular polynomial 

Ni 

Wo = Wo(xi, • • • , Xiv,) = ^ bjXj. 

There exist line bundles Oj{l), j - 1 , ■ ■ ■ , A^;, over the orbicurve E such that 

(1) Ojil) has no orbifold structure near the marked point zr, 

(2) the following isomorphisms hold: 

Hence, near the marked point zi we have the local isomorphisms 

\OjiD\®\^j\ = Kios. 

If j < Ni, we define the section /3j = /3Tiz)dz/z ® e'j e il'^i\Oj\) and /Sriz) is given by 



„ , , ,1 iflzl <e-^-' 
Let 

Ni 

Wofiiuu ■■■ ,un,) = Y^bjPjUj. 
Hence the global perturbed Witten equation is defined as 



(23) 



dui + 1\ 



( dW ^ dWQ,t 



0, forall; = 1,...,A?. (24) 



dui dui 

Locally near a marked point zi, the perturbed Witten-equation has the following form: 



_dui dWy dWo dW j(ui,- ■ ■ ,uri) ^ 

z— + -r^ + P ■ ^ ■ 



dz dui dui „,.tlL„, du, 



Wj-.WjinWfi 



for any i < Ni, and 



f_EL^^ y "--^•^"^:--'"^^ ,i:LMeD)|,|-^^^=0. (26) 

for any i > Ni. Here Mi.jSr in the equations are understood not as sections but as the 
coordinate functions with respect to each basis of the line bundles. 

If we set V, = Hi, for all / < Ni and v, = UiZ®' , then the above two equations can be 
changed to a more symmetric form: 



OZ OVi OVi 



and 



_^^ dW.(ru--,v,) ^^^ V.'>Ar,. (28) 

OZ OVi 



or simply written as one equation 



dvi diW + Won) 

. =0, i = l, -,N. (29) 

OZ OVi 
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Those sections v, for / > Ni are not well defined in any neighborhood containing zi- 
Hence the equations (|27] |. ( |28] | and (|29] | only hold in any fan-shaped domain of zi- However 
the absolute value |y,| of each v,- is well-defined. 

Take a cylindrical coordinate near a marked point zi, i.e., let z - then the equa- 

tions (l27Tn-(l28Tl can be rewritten as the simpler form: 



OS 00 ovi 



— + V-1- 2— = 0, Vi > Nl 

ds do ^ 



Set V/ = jc; -H "4^yi. Let 



dvi 



2Re(Wy + Wo«), //iv := 2Re(WN), 



(30) 
(31) 



then = fXW+Wo^) fl(w+iyo^) 

dVj dV; dV: 



■^{Hro + Hn); the equation ( [30l l becomes 



^ , VrT|:i . VrT(§ . VrT|) - (A , vrTA)(H,„ . H.) = 0, 

OS OS OO OO OX; oy; 



I.e., 



^S^iio + Hn)-Q 



(32) 



If we define vr - (xi 



,XNi,yu--- ,yAr,), andlet 
-In, 



Jr = 



'-N, 







then the above equation is just 



dvR dvR 
OS o6 



^rHn 



where Vr is the gradient operator with respect to the variables {xi , ■ ■ 
Similarly, if we set vn - (xni+\,- ■ ■ , x/v,3'/v,+i, ■ ■ ■ ,yN) and 



,XN,,yi, 



(33) 
,yN,]- 



Jn - 





In-Ni 



-In-Ni 




then the equation ([31) becomes 



dVN . dvN 



where Vn is the gradient operator with respect to the variables {xn,+i , 
Thus the equations (l30b and ( |3TI ) are changed to 

' ^+Jr'^- V«//ro(vr) = VHn(vr, Viv) 



(34) 

, JCA',3'A',+1, ■ ■ ■ ,yN}- 
(35) 



Later we will show that the first equation of (l35l l is just the perturbation equation of the 
trajectory equation of a Hamiltonian system which has frequently appeared in symplectic 
geometry, and the second one is the perturbation equation of the Cauchy-Riemann equation 
of pseudo-holomorphic curves. 



^ + -/w^ - Vai//ai(Vr, Vai) 
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Definition 3.1.5. Sections (mi, ■ • ■ , un) are said to be the solutions of the perturbed Witten 
equation (l24l l: if they satisfy the following conditions: 



(1) for each uj e Ll,JY\{zi , ■ ■ ■ , z,), \J^j\), /i (f^ + ^) e Hl^i^Mzu- ■ ■ , Zk], 
A"-')]; 

(2) (mi, ■ ■ ■ , Mw) satisfy the perturbed Witten equation ( l24l i almost everywhere; 

(3) near each marked point, the integral 



y r r v^\^deds<^. 

^JQ Js' OS 



J 

3.1.3. Witten equations over orbicurves. In the last section, we have defined the Witten 
equation on a smooth Riemann surface. However, since our moduli theory will be con- 
structed on orbicurves, actually we should define our Witten equation on orbifolds. In this 
part, we will define the Witten equation over orbifolds and will show that the resolution of 
these solutions of the Witten equation just satisfy the previously defined Witten equation 
on a Riemann surface and vice versa. 

Because Wj{^\ , ■ ■ ■ , ^n) - ^log, we can choose a holomorphic basis of the orbifold 
line bundle ^ such that Wjijji , ■ ■ ■ , rjj^/) - dz when away from the marked points and take 
the smooth metric in this part. If zi is a marked point, we can assume that the orbifold 
structure near zi is given by (A, tt, G-, - 7.1 m), where A is a disc with coordinate z, and 
A — > A is given by ji{z) - z™, and Gz, acts by z ^ exp(2ni/m)z- The orbifold structure of 

is given by the uniformizing system A x C ^ [(A x C)/G,,] with the action of G,, given 
by (z, w) — > (exp(27r//m)z, exp(27rv///OT)w) with m > v; > 0. Now the sheaf of sections of 
^ is generated as an £?^-module by an element rji such that for each j there is 

Wjijju--- ,TlN) = 'ndz/z. (36) 

Gj, acts on 77, by 77,- — > exp(-2:7rv,//m)77,-. The invariant sections are of the form m,(z) - 
t''g(z"^)rii. Let S; be the coordinate function of m,(z) with respect to t/,-; then m,(z) = z^'giiz"^) 
which is equivariant. Let w - z™ be the coordinate in A. The sheaf of sections of is 
generated by the section eiiw) - z^'ruiz). So m, - gi(z"')ei(f) and the corresponding 
coordinate function is gi(z'") and actually we have the relation between two coordinate 
functions: 

M,(z) = z'-'giiz'") = w^'IKvf). (37) 

Now we choose the cylindrical metric in the small charts of all of the marked points on 
the resolved surface, i.e., let It/w/wl = 1. This metric induces the metric on £ such that 
\mdz/z\ = 1. By ( [36] l this metric induces the metric on each orbifold line bundle such that 
|?7,| - 1, V/, in small charts of all marked points. Let rj'. be the dual basis of 7;, on the dual 
line bundle ^r'. We define a metric preserving isomorphism: 

1 1 : Q(£,^r' (giAO'i) ^ n(£,if^- ® A"'') 

such that for v, - ViT]'. there holds 

Ii{vi®dz) = Vi\ri[\\®dz. 
It is easy to see if m,- e Q(£, ^), then 



'dW\ .OK 



e n(2,^ ® A"'0. 
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Now the Witten equation on orbifolds is defined as 

dui + Ii 



(dW\ 



0,V/= I,--- ,A?. (38) 



dui ^ 

We consider the local expression of the Witten equation in a neighborhood of the marked 
point Zh Assume that m,- = S,//,-, / - 1, ■ ■ ■ , A^, are solutions of equation ( [38] l in this uni- 
formizing system of zi', then the coordinate function S, satisfies 



oz oui z 



Replacing m,- in ( [39] l by the equality ( iJTl l. we find out that 



dw ^ dgi 

where w - f . This is just equation (fTTj i when evaluated at z"". 

Conversely, if one knows that the function of |^| satisfies equation ( l40l i. then m,(w) = 
w®'f ,(w) satisfies 

ga,- ^ dWjui,--- ,un) I _Q ^^j^ 
cJw diii w 

Notice that equation W\\ holds locally at Ramond point. On the other hand, the solu- 
tions of this Witten equation in the neighborhood of any orbifold point can be viewed as 
solutions satisfying some twisted periodic boundary condition. Equation dTTT l is changed 
to equation d39] l when the potential W is replaced by mW. This observation is beneficial in 
estimating of the solutions of ( [39] l. 

Similarly we can define the perturbed Witten equation if there exist any Ramond marked 
points. The definition is completely the same as before, since there is no orbifold structure 
for these Ramond line bundles. 



3.2. Interior estimate of solutions. 



When away from the marked points, the perturbed Witten equation can be written in the 
form 



dUj + ipj 



( dW dWo 

ouj ouj ^ 



0, forall;=l. 



,N. 



(42) 



where (fj is a smooth positive function. Here we understand that for / > A^/,yS, = and for 
/ < Ni,j3i is defined as before, the polynomial Wo can be chosen differently corresponding 
to different marked points, but they should satisfy the following uniform control: 



dui 



< b 



(43) 



To study the solutions, we also need 



Lemma 3.2.1 ( ||FJR1 , Theorem 5.7). Let W e C[jici, . . . ,xn} be a non-degenerate, quasi- 
homogeneous polynomial with weights qi : — wt(;ic,) < \ for each variable Xi,i — I, . . . ,N. 
Then for any t-tuple («],..., m/v) e C'^ we have 



I Mil < C 



( N 



^(mi,. 

OX: 



■,Un) 



+ 1 
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where 6i 



and the constant C depends only on W. If qi < 1 /2 for all i e 



min/l-^j) 

{1, . . . ,A^), then Sj < 1 for all i e {1, . . . ,N]. If qi < 1 12 for all i e {1, . . . ,N], then 5i < 1 
forallie{\,...,N]. 



So by this lemma we have 



\u\<c\Y^ 



dw 

—(uu-..,un) 

OXi 



+ 1 



, 6q - max{5i 



(44) 



In the rest of this paper, we always assume that qi < 1/2 for any /; therefore we have 
6o<l. 



Theorem 3.2.2. Let (wi, ■ ■ ■ , u^) be the solutions of the perturbed Witten equation 
then for any m e Z, there holds 



\\Uj\\c'"(B,i) ^ C, 

where Br C Z \ {zi, • • ■ ,Zk}, and C is a constant depending only on the metric in B2R, the 
fractional degree qi, b and R. 

Proof. Multiplying (|42] | by 'W- and taking the sum, one has 



dW 
"1" 



^ dW ^ 



dui 



dui dui 



= 



(45) 



Take a small ball B2r{zo) and a test function t// such that tfr e CJ^(B2r(z)), i/* s 1 on Bfi(z), 
and i// = outside B2r(z), and < ^. 

Multiplying ( l45T l by i//-^^dz A dz and integrating over B, one has 



—ilr——dz Adz + 

B OZ 2 JB 



\dW 
dui 



\dzdz\if 



if ^0 



(46) 



Now there holds 



5z 2 



dz A 



= ^^i(/d(Wdz) 



= J —^/3if>^-^di// AWdz^ J d-,i///3W>f-K 
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By ( l46l l and ( |43]) . one obtains for large p that 



X^v^ 1 I 



'0 '-■>o + C2R 



(A'' + c;/; '-*o + c'jR^ + CiR^ + C2R 



Then take s small enough such that 



r V 



<C(qi,b,^j,R) 



(47) 



On the other hand, for the non-homogeneous 5-equation we have the interior estimate 



By (|44|, there holds 



< C 



dui 



dui 



(48) 



wujWi^ < c 



Hz 



dW 



dUj 



\2i5o 



+ 1 



and hence by ( |47] | we obtain 



ll«A?(ii«)^Ci2,ll^lb+C2<c 



Applying the embedding theorem, there holds 

WujWu' < C\\uj^ < C, VI < < 00. 
Hence for any p > 1, we have 



I— r <c 



(49) 



(50) 



where C depends on \\ui\\i2 and 
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Now using the L''-estimate of the (9-equation, (l49b and dSOl l. eventually we have 

.dW.. ,,(9Wo, 



< c. 



Using embedding theorem again, we have 

\\Uj\\c-(BR) < C. 

Furthermore, by the bootstrap argument, we have the following estimate for any m e Z: 

\\uj\\c« < C. 



3.3. Asymptotic behavior. 

Set the complex variable ^ - s + iO; then the equations ( [3T1 ) and ( [30] l can be written as 

0, V/ = 1 



d^Vi - 2 



d(W+Wofi) 



dvj 



,N. 



(51) 



Note that the function v, is only locally defined; hence the above relation only holds in a 
bounded domain D c 5 ' x [0, oo) such that D is contractible. 

Theorem 3.3.1. Let Br c 5 ' x [0, oo) be a ball with radius R such that B2R is contractible. 
Suppose that vi, ■ ■ ■ , satisfy ( 1571 ) in B2R; then for any m > 0, there is a constant C 
depending only on qi, b, R, m such that 

\\Vj\\c-(B^) < C, 

where the derivatives taken in the C" modulus correspond to the variables s, 0. 

Proof Multiplying the two sides of dSTT l by ^ and taking the sum over / from 1 to A^, we 
have 



dv 



dvi dvi 



Multiplying the above equality by >J/^-^^d^ A d^ and integrating over B2R, one has 

\J B2R ^ B2R j ' B^ii j ' OVf 



Using Stokes' theorem for the d operator, we have 

2 



Now we can proceed in the same way as in the proof of Theorem 13.2.21 to obtain the 
conclusion. □ 

Define v, = M,e ' for any /; then the v; are well-defined functions in the cylinder 



5 X [0, 00). We have the relations: 

V/ = Vi 

\vi\ - \vi\ = \ui\e 



Ui, Vi < Nr, 



V/ > N,. 



(52) 
(53) 
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The equation (I26b of m, for any / > A^; can be rewritten as 
Hence v,- for / > Ni satisfies 



OVi 



(54) 



Lemma 3.3.2. Let u\, - ■ ■ ,un be the solutions of the equations ( 1261 ) and ( 1251 ) defined in the 
cylinder 5 ' x [0, oo). Then there holds 



i) Js'§, 



dui 



z 



dWjjuu--- ,un) ^_ 2, ft ,,0,(,+/9)+0, 

5m; 



dsdO < oo 



Proo/ Note that 2, = mod Z; hence 



2 



gW/Ml.--- ,Un) ^_ 2, i ,,0,(,+,fl)+0,, 

5m/ 



is well defined on the whole cylinder and we can represent it as the combination of the 
locally defined functions v,, / = 1, ■ ■ ■ , A^, as follows: 



'j,0,(j+ifl)+0, 



dui 



So what we need to prove is actually the following estimate: 



d{Wy + W0,/j) 



dvi 



z 



dvi 



dsdO < oo. 



or in equivalent form: 



i) 



d(W+Wo,i3) 



dvi 



(55) 



(56) 



(57) 



To prove ( |57] |. we multiply the two sides of the equation dSTT l by ^'^'^^"■f^ take the sum 
of ; from 1 to A^, then there holds 



5|(W + Wo,/j) = 22 



d(W+Wo,,i) 



di'i 



2 Ni 



+ (I]V>)5f/?r- 



Integrating the above equality over 5 ' x [0, To] for To > T, where T appears in the definition 
of /3t, and noting that (W + Wo,/3)(vi , ■ ■ ■ , vw) is a well-defined function on the cylinder, one 
has 



Jo Js' Jo J51 ^ Jo Js' , 



5(W + Wo,/3) 
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Hence 
2 



dx'i 



= r (w+wo)(ro, 0)^/0- r wo(r,0)- r w(o,0)+ r r ybjd,vj/3T 

By Theoi'em |3.2.2| and Theorem |3.3.U one knows that |v',| and |c?5V,| are uniformly bounded 
for any / = 1, ■ ■ ■ , A^. Thus the inequahty (|57] | holds; in particular, the upper bound is 
independent of T. □ 

Lemma 3.3.3. Let < < 1. Suppose that v is a smooth bounded solution of the equation 

id, + V^de + 0)v = (58) 

satisfying the integrability condition 

[ [ |5,vf<cx,. 

Jo Js' 

Then for any T e (0, oo), there holds 

X X."'''^5^X X. 

and 

|v(i,0)|< |5,vp)i(l-e-2r)4, v^e[r,cx,) (60) 

V Jo Js' 

Proof. Since v{s, 6) is a smooth function defined in 5 ' x [0, oo), by Fourier analysis, any 
smooth solution of ( fSSl ) has the following form: 



vis, 9)^ 2 C„e-'"+®>^ ■ e-'"^ 

n=-oo 

Since v is assumed to be bounded, hence C„ = 0, Vn < 0. Thus the bounded smooth 
solution has the form 

CO 

n=0 

Now we have the integral estimate 

Jr Js. 2^ 

< T y |C„|2(0 + «)e-2(''+®'^(0 + «)-2 < |cJ,v|2 (61) 

and the pointwise estimate 

oo oo oo 

|v(s,0)| < ;^|C„k-(-'3)^ < e-''^i^\Cf)H^e-'"^)i 
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□ 



Extend the function - 



awN{vi,-,VN) j®,e 



dv, 



e ' symmetrically to (-00, 00), and view it as the free 



term of the following equation for v defined in (-00, 00): 

(5, + ^Ide + 0,)v = _^M^EI^,.B,., (63) 

ox'i 

This equation has a unique bounded solution in the whole interval (-00, 00) (see [D]). Since 
the "free term" is I? integrable by Lemma D.3.21 we have the Fourier expansion 



dV: 



-m9 



The unique bounded solution 



Lemma 3.3.4. Let T > I. For any i > Ni, v,;o satisfies the integral estimate 



ll^'i.0llL2(Six[7-,oo]) ^ C 

where C is a constant. 

Proof. By Lemma 3.22 of [D], we have 



dv 



L2(Slx[r-l,oo)) 



(64) 



I|V;,oIIl2(S'x[7-,oo)) ^ C" 

Jt Js' 



dvj 



where C depends only on 0'''. Hence by interior estimates of the Cauchy-Riemann 
operator, for any 1 < /9 < 00, there holds 



II^<,oIIlj(S'x[7-,oo)) 
^ c{\\Vi,o\y(^S'xlT-l,oo)) + 

dWN 



^W^ 



dx'i 



L2(5ix[r-l,oo)) 



< C 



dvi 



L2(S'x[r-l,co)) 



Theorem 3.3.5. For any i > Ni, Vi(s, 6) and its derivatives of any order tend to zero 
uniformly as s ^ +00. 

Proof. The bounded function v,- - v,;o satisfies the homogeneous equation 

{ds + V^5fl + 0,)v = 0. 

On the other hand by Lemma D. 3. 21 Lemma D.3.4| and the definition of the solution m, we 
have 

\\ds(Vi - V'i,o)llL2(S'x[7-,oo)) < I|c^.!^'/IIl2(S1x[7-,oo)) + I |c^jf';,ol Il^CS ' x[r,co)) (65) 



^ II'5jV;||l2(six[7--i,co)) + C 



dvi 



< oo 



(66) 
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Hence by Lemma [3. 3. 31 we obtain 



PillL-CS'xiroo)) ^ P;,oIIl2(SIx[7-,co)) + W^i - V';,oIIl2(S i x[7-,oo)) 

- Q^ll^-'*^^' ~ ^'.o)ll£2(s'x[r,c»)) + ll^'i,ollL=(six[r,co)) 



^ C\\dsVi\\LHs'x[T-i,ooy} + C 



5W^ 



dvi 



L-(six[r-i,co)) 



(67) 



(68) 



By estimates and the above inequahty, there holds 



ll^illL^(six[r,co)) 

^ C(||V/||^2(5lx[j-_i ^o)) + 



dx'i 



L2(5ix[r-l,<x))) 



< C ||5sV,||z,2(5ix[r-i,oo)) + 



dx'i 



L-(s I x[r-i,oo)) 



(69) 



Notice that the term on the right hand side tends to zero when T ^ oo. 

By the embedding theorem, any L'' norm of v, can be controlled by the Lj norm of v,, 
therefore the U' norm of |^^| is also been controlled. Using U' estimates of the Cauchy- 
Riemann operator and furthermore by the embedding theorem and Schauder estimates, 
any C" norm of v, can be controlled by the Lj norm of v,. Therefore any C" norm of v, in 
[T, oo) tends to zero as T — > oo. 



Now we turn to the study of the solution m, 



V; for i < Ni. 



Lemma 3.3.6. Suppose that u,, i < Ni is the solution of ( 1501 ) and ( 157 1 ); then dsUi(s, 6), 
dgUi(s, 6) uniformly for 6 e S ^ as s —> co. 

Proof. Take the derivative d,, of the equation (l30] l: then we get 



^ dHWy + Wo,/?) 

ds(dsUi) + y-lde(dsUi) -2 } — — —dsUj = 5^(2 

j<Ni J 



dWN(v\,--- ,vn) 
dvi 



(70) 



For simplicity, we set Xij - 2^-^^^^^^^, which is a complex symmetiic matrix, and set 
Li{s,e) = 5,(2^). So dlOll becomes 



ds(dsUi) + yTAdeidsUi) - Xij(dsUj) - Li. 

Here we also omit the summation sign if no confusion arises. 
We have 



(71) 



A(d,Ui) = (d, + ^dg){XijidsUj)) + ids - ^de)L, 
= XijkidsUk + ^dgUk){d,Uj) + X~j(Xjk(d,Uk) + Lj) + (d, - V^5fl)L/ 

= XijkOsUk + ^^dguk) ■ d,Uj + (XijXjk) ■ (d,uk) + Xij ■ Lj + (d, - '^dg)Li. (72) 

Denote by F; the term on the right hand side. We know that is a bounded term. 
We have 



A|(5,M,)r = 4A(5,M,) ■ idsUi) + AMdsUi) ■ (5.m,) + 4|5(5.m,)I + 4|5(5,M,)r 



> A{Fi ■ {d,ud + Fi ■ d,Ui). 



(73) 
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By the maximum principle, we have 

\(d,udf(s,0)<C( f f \(dsUit+ f f \Fif\(d,Uif) 

Js-l Js' Js-l Js' 

<Ci f f i(5,M,: 

Js-l Js' 



(74) 
(75) 



This shows that dsU, converges to zero uniformly for e 5 '. In the same way, one can 
prove that the conclusion is also true for deUi- □ 

Theorem 3.3.7. Let uj, j < Ni be the solution of (1501) and ( 1571 ), then there holds \\uj{s, 0) - 
i^j\\c(s') — > fli 5 — > 0, where k — {k\, - ■ ■ , k^,) is one of the critical points ofWy + Wq. 

Proof. Let s„ be any sequence tending to infinity as n — > oo. By Theorem |3.3.1t ||m,(s„, OIIc'CS') 
is uniformly bounded for any m e Z. Hence by the Arzela-Ascoli theorem there is a subse- 
quence 5„j such that Ui{sni_,0) converges uniformly in C'""' norm to a limit function ufiff). 
Uiisnt, ff) satisfies the following relation: 



d,Ui(s„i^, 0) + V^5flM,(i«i, f) - 2 



diWy + Wo) ^dWMivi,--- ,vn) 



By Theorem 1 3 . 3 . 5 1 and Lemma [3. 3. 61 we know that 



dvj 



dsUiiSn,) 0, 



0, 



dvi 

as nt — > oo. So let A; — > oo in the above equation; we can obtain the limit equation 



diWy + Wo)(u'^,--- ,u^) 



dui 



0, V/ < Ni. 



Multiply ^<2^±2^ on the two sides of dZHl and take the sum; then there holds 



i<Ni 

Integrating, we obtain 



d( Wy + Wo) 
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dui 



i<Ni 



d(Wy + Wo) 



dui 



(76) 



(77) 



i<Ni 



d(Wy + Wo) 



and so 



'eUi 



dui 
d{Wy + Wo) 

du: 



d0^O, 



0, V/ < A^,. 



Thus the solutions u°° = /c,, / < Ni are constants and (ki, - ■■ ,kni) is just one of the 
critical points of the polynomial Wy + Wo- Notice that Wy + Wo is a holomorphic Morse 
function and has finitely many critical points, and so the values that m°° can attain are also 
finitely many. Assume that ,k"' are dififerent critical points. Define 



r = min|A-' - /<^|. 



Now if we assume that the conclusion of this theorem does not hold, then there is a 
sequence i„ — > oo such that Ui{s„,0) does not converge. Hence there are at least two 
subsequences i„j and s,,' tending to infinity such that 



\HSn„0)-K' 



\c° 



0, \\u{s„',0)- k' 



0, as k, k' — > oo. 
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where k' + / , and we set m = (mi, ■ ■ • ,UNi)- In particular, for sufficiently large k,k', we 
have 

I f u{sn„e)de-i^\ < 7, 1 f u{sni,e)de-i^'\ < ^. 

Now by continuity for sufficiently large k, k!, there exists Sk" g [Sn^, i„^] such that 

Again by the Arzela-Ascoli theorem, there exists a subsequence of Sk", still denoted by Sk" 
such that Ui{sk",0) converges unifomily to some /c^" which should satisfy 

However, we know that there is no 1^ " having distance from 1^' between j and 5. This is a 
contradiction. □ 

As one application of our analysis of asymptotic behavior, we have the following con- 
clusion: 

Theorem 3.3.8 ( Witten Lemma). Suppose that Zk is the unique Ramond marked point 
on S and (mi, • • • , uj^,) are all the possible Ramond solutions near p such that their local 
coordinate functions (iii, • • • , %,) converge to a critical point KofWy + Wq. Then we have 

(78) 

If there is no Ramond marked point, then the equation has only the zero solution. 

Proof Let {zi , • ■ • , zt) be marked points and Zk be the only Ramond marked point. Our 
perturbed Witten equation is 



oui + hi ) = 0. 

OUi 

Here the m, are global sections on S. Let m, = in the disc Drizi) (with radius r and 
centered at zi) of Ihc marked point zi- Then 



} (duiJii ))l2(j:) = ) {dui,h(—))+ 

/ , / , (^t^2®ei: > , — - — Tz z2.=ife;,(o. '!s)\e'\^ei<»dz) 

Ui-JDAzd dz Y 

+ > , (^* ® Si, > , ( z2.=i ) + fci/3r)-k re,- ® c?z) 

^Jd,(z,) dz Y 2 

i-l 

= - lim TT y y iy/fii(z), • • • , M;v(z))z^-' 

- lim niyWjiuriz)r--,Mz))z^-^'^''^''^ + yb^^ f ^-^b^dfirUi 

r=|z|-»0 ' ^ '-r' I J Z 

= -n{Wy + iyo)('f) + 2 J Yj^biUidsMdsde. 
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We have used Stokes' theorem in the seconde equality and Lemma [3. 3.51 13.3.71 in the last 
equality. Using the equation, we obtain 

i / ' i 

If there is no Ramond marked point, we have the equality: 

Zll^«'-|l^^(^) = Zll5irll^^<^' = ^- 

Since near each marked point the norm |m,| of the section m, equals |v,| , which is an L^- 
integrable function in view of the proof of Theorem 13.3.51 m, is a constant section near 
each marked point. Furthermore, ^ - 0; then non-degeneracy of W forces m, = for 
each / = 1 , ■ ■ ■ , A^. □ 

3.4. Exponential decay. 



Let Ui,i - 1, ■ ■ ■ ,N, be the solutions of the perturbed Witten equation near a marked 
point z;. Setting as before v,- = m,z®i - Uje^'^i and v,- = M,e"®* we have 

V,- = v,.'«>. (79) 

Note that v, is a well-defined function on 5 ' x [0, oo) but y, is only a locally defined 
function. The locally defined section y, satisfies the equation 



d,Vi + y-ldgv; - 2 = 0. 

Suppose that the quasi-homogeneous polynomial W has the form 



(80) 



w(«i,---,M^)=2w,=;^c,n«*^ 

Set := Y.kbjk®l e Z. It is known that Wj is Ramond at z/ iff ©''(;) = 0, and W is 

Ramond at z/ iff" there exsits one monomial W/q such that ©''(jo) = 0. 
Now an easy computation shows that y, satisfies the equation 



where 



,y^,0):=2 



1, ■ ■ ■ 



dvi 



(81) 



(82) 



Define H - 2ReTV, and let y, = x,- + V-Ty;. We want to change the complex system 
(ISTT i into a real system. By (ISTl i. we have 

dAxi + V^y,) + ^deixi + V^y,) + ©[(xi + ^P^y^ = 1(5,, + V^5j,)(2H), 
for / = 1 , ■ 



, A^. So we obtain 



dgXi - dgyi + Qjxi - d^^H 
, dsyi + dgXi + &]% = d^.fi. 



(83) 



for / = 1 , ■ 
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Define the following quantities: 

vr (xi, ■ ■ ■ ,XNi,yi,- ■ ■ jNif, Vr = ■ ■ ■ ,5i„,,5v,, ■ ■ ■ ,%^) 



\Ir 
/O -1 
\In 

0^:-diag(0;;,^,,--- 



Jr :-[^ 0*) ' ''^ ^'^^ ^ i'^^^'^i'-y matrix 
7^ := ( ^ 1 , 7^ is the (N - Ni) x(N - Ni) identity matrix 



(&N \ 

\ On) 

Then the system (l83T l can be written as follows: 

' S^Vr + Jr ■ dgVR = VrH 



(84) 



Set 



ds^'N + ■^A' ■ dgV]^ + Aft; ■ V]V — ^ nH 



v:= M V:J^« 



7 



I, Vat/' ■ \Viv; 

IJr o\ ^^/o 

^0 Jn)' \0 Ami 

Now we can write the equation ( |84] | in the simple form 

5jV + 7 ■ 5ev + A ■ V = VH. (85) 

Here 7 is an almost complex structure in M?'^ , since 7^ = -/. 

Take the derivative ds of the two sides of dSST l and let w - 5jV; we obtain the system for 

w: 

5.sW + 7 ■ 5ew + 5 ■ w = 0, (86) 

where 5 := {A-V^H). 

The following lemma gives a formulation of the asymptotic behavior of the coefficient 
matrix 5 = A - V^H. 

Lemma 3.4.1. The following conclusions hold when s oo; 

(1) 5(5,0)^5 := ^ ' ^ T72oD /„/ M ], where 

(/fi, ■ ■ ■ , Kf^i) is some critical point of the polynomial Wy + Wq. 

(2) supg£_5i ||5.55(i, 0)11 0, as s ^ oo. 

(3) sup^ij^fo^,) ||5fl5(.s, 61)11 < oo. 

Proof. When s — » oo, we have (vi, ■ ■ ■ ,vn,, vn,+i, ■ ■ ■ , v^) — » (k\, - ■ ■ ,kni,Q,--- ,0). Note 
that the polynomial Wy + Wq only contains the variables vi, ■ ■ ■ , vai,; so we have two cases: 

• for 1 < /, < 2Ni, there holds (V^//),^ = C^pReiWy + Wo + Wiv))^ ; 

• if /, do not satisfy case 1, then ('V^H)ij - (VVA,2Re(WAf)),7. 

Since there are at least two Neveu-Schwarz sections in each monomial of Wn, so if 
1 < / < 2Ni,Ni < or 1 < j < 2Ni,Ni < i, then {V^H)ij 0. Hence (1) is proved. 

The proofs of (2) and (3) are easily obtained by Theorem 13.3. II Theorem 13.3.51 and 
Lemma [3.3.6l □ 
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System ( l86l l for w becomes the standard system that appears frequently in symplectic 
geometry, whose decaying behavior has been studied in detail. For example, we can cite 
Lemma 2.11 of D. Salamon's lecture in [ET] as below(after minor changes in notations): 

Lemma 3.4.2. Let J be alN x2N real matrix such that - -I, and S (s, 9) bealNx 2N 
matrix function defined on X [0, oo) satisfying 

lim sup 61)11 = 0, sup \\dgS(s,e)\\ < oo. 

Define the operator D — d, + Jdg + S. If the unbounded self-adjoint operator Jdg + S : 
L?{S ' , 'B?^) — » L^(5 ' , 'B?^) is invertible, then there exists a constant 6 > such that the 
following holds. For every C^-function ^ ; 5 ' X [0, oo) — > R^'^ which satisfies — and 
does not diverge to oo as s ^ oo there exists a constant c > such that for sufficiently 
large s and any € 5 

\^(s,d)\<ce-'' 

Lemma 3.4.3. Let Wo(ui, ■ ■ ■ , m^v,) = Tj^-i ^kUk be any Wyj-regular polynomial at Ramond 
marked point zi- Then ifY^lLx \bk\ is sufficiently small, there exist constants C,T,6 > such 
that for any (i, 6*) e 5 ' X [r, oo), 

|5,v;| < Ce-^\i ^l,--- ,N. 

Proof. By Theorem 1 3 . 3 . 1 1 and (2), (3) of Lemma [3.4.1l we know that all the hypotheses in 
Lemma [3.4.2l except invertibility are satisfied. So we only need to show that the operator 
Jdg + S : L\S\R^'^) L\S\R^'^) is invertible when ^flj \bk\ is sufficiently small. 
However, it is easy to see that if Yj^Lx \bk\ is sufficiently small, the absolute value of any 
critical point of Wy, + Wo also becomes arbitrarily small. Hence we can take sufficiently 
small Ki, - ■ ■ ,kn, such that 

ll^""!! < 1, ant/ 5 °° is a non-degenerate matrix. (87) 

Assume w € Lj(5 R^'^) is a solution of Jdgy/ + S'^y/ - 0. By Poincare inequality, there 
is 

||w- \ w||i2 < ||5e(w- \ w)||i,2. 
Js' Js' 

Since the mean value ^, w vanishes by the equation and the matrix 5°° is non-degenerate, 
we obtain 

\\My<\\deMy^\\s^My- 

Since ll^""!! < 1, we conclude that w = 0. Therefore the invertiblity is proved. Applying 
Lemma l3.4.2l to our case, then we are done. □ 

By the above lemma, it is easy to obtain: 

Theorem 3.4.4. Let Wo(mi, ■ ■ ■ , mai,) — YIILx bk^k be any Wyj-regular polynomial at the 
Ramond marked point zi. Then ifZlk '-x 1^*1 sufficiently small, then there exist constants 
C,T,6>0 such that for any (s, 6*) e 5 ' X [T, oo), 

\vi-Ki\ < Ce-^' ,for i ^ I,-- - ,Ni, 

(88) 

|v;| < Ce-^' Jor i = N, + ,N, 
where {k\, - ■ ■ ,kmi) is some critical point of Wy, + Wq. 
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3.5. Liouville type theorem for A i -equation. 

IfW-u^, the Witten equation becomes 

du + Ii(2u)^0 (89) 

This is a linear equation and the existence of solutions is related to the spectrum prob- 
lem. The previous interior estimate does not hold here since it holds for W with all weights 
qi < 1 /2. Since W = is already a holomorphic Morse function, it is not useful to do 
linear perturbation again. To avoid the spectrum, we choose the following global perturbed 
equation 

5M + /i((2 + e)M) = 0. (90) 
We have the following Liouville type theorem 

Theorem 3.5.1. For generic perturbation parameter e e R, the perturbed Ai equation 
f l9QI ) has only the zero solution. 

Proof. Let [1, oo] be the cylindrical neighborhood of the marked point p - oo. Choosing 
the cylindrical coordinate ^ - s + i6, then ( |90] l becomes 

d^u - 2((2 + e)u) = 0. (91) 

Since the integral ^, \'^\d6ds < oo, we can use Lemma l3.4.2l to show that if e e R is 
generic, then the solution converges to zero exponentially. Applying the Witten lemma to 
Equation ( |90] l, we are done. □ 

4. Compactness 

rig 

4. 1 . Sequence convergence of the moduU space ^g^k,wW- 

Traditionally, the compactness theorem of various moduli spaces is formulated in terms 
of possible geometric limits of its sequence. In Section two, we gave a description of the 

topology of ^^"i^ y^iy) in terms of its local neighborhood. Here, we take a different point 
of view it in terms of converging sequences. 

Take a sequence of rigidified W-curves £" = {'^",p\, . . . ,pk, J^", . . . , (p", . . ., tp", i/'", ■ 

rig 

in ^giiwiy)- Here we assume that the W-structure (^j", . . . , (f", . . ., ip") induces the 
data 7 - (y\, ■ ■ ■ ,yk), i.e., we assume the sequence of W-curves has type y. The underly- 
ing curves C^", p\, . . . , pk) have dual graph F". Since the combinatorial types of the dual 
graphs are finite in number, we can assume that F" = F for all n. Similarly, we can let 
i/r" = ij/i at each marked point /?,, because the set of rigidifications at one marked point 
is finite and characterized by a group element in G. Hence it is sufficient to consider the 

rig 

sequence of W-curves £" in (F), where F is the G-decorated stable graph with each 
tail labelled by a group element in G and having the same rigidification. We can further 

assume that (£" € ^j^(F), where F is also a fully G-decorated stable graph. In fact, each 
half-edge r of F corresponds to an orbifold point pj of the normalization of the underlying 
curve, thus has a corresponding choice of Jt e G. Since G is a finite group, we can as- 
sume that all W-curves attain the same group element Jt € G. Notice that we don't fix the 
rigidification at the nodal points. We start from the following obvious lemma: 

— —rig 

Lemma 4.1.1. Suppose that the sequence of W-curves (£" G (F) converges to £ in 
3#'vi?'(F)- Then if"g((£«) ^ if"S(e) /„ 3#^,i(F). 
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ng 

In general when considering the convergence in ^ ^ ^ ^f/iy) the limit curve of the se- 
quence of underlying curves of VK-curves (£" may change the combinatorial type. So to 

define the convergence in ^j_i_5y(7), we have to study the degeneracy behavior of the line 
bundles and the W-structures. 

Consider a sequence of the rigidified W-curves (£" such that 5f"*((£") - ^ 
degenerating only along a circle to a nodal point z e Hence by the description of 
Proposition 12.2.41 there is a sequence of gluing parameters = (s",0") e [ro,oo) x 
s" — > oo) such that - %),(«. is obtained through gluing the corresponding cylinders 

- {s" - 2T") in two different components of ^ by a biholomorphic map. 

The canonical bundle K^g,, when restricted to the cylinder f/„ can be trivialized. Fixing 
a trivialization, the W-structure gives the isomorphism (p" : Wj(^", ■ ■ ■ , J^") — > C. 

Lemma 4.1.2. For each n, the line bundles J^" are flat and the structure group of the 
N-tuple (ifj", ■ ■ ■ , on U„ is G. 

Proof. Let e"(a), / = 1, ■ ■ ■ , be the basis of in a small chart Ua of Un such that 
W;(e"(Q'), ■ ■ ■ , e"f^{a)) - 1 for all j. Take an atlas [Ua] of U„ such that all the line bundles 
can be trivialized in each chart and the chosen basis satisfies the above relation. Now it is 
easy to see that the transition function on each Ua n Up must lie in the group G. Hence 
each is a flat line bundle. 

□ 

On Un, each .if." is completely classified by its holonomy 

:Z = ;ri(f/„)^ f/(l), 

and p" maps the generator to e^jrC/Zi/ foj- some Q < c" < d such that y" - {e^'"^'l'\ . . . , e2;rc;7rf-) ^ 
G. Such a flat line bundle can be explicitly constructed as follows. Let {U„Y be a degree- 
d unramified cover of U„. The line bundle is of the form ^" = {U„Y x^2</rf C. After 
choosing a subsequence, we can assume that for all n, corresponds to a fixed value 
g2;rc//fl' w}jg[j „ goes to infinity, we can associate a natural "limit". We change the co- 
ordinate of U„ to C/„o = [0, r"] X S ' and change U„ to Um accordingly. When n goes 
to infinity, f/„o converges to a punctural disc f/o - {0). J^" extends uniquely to a flat 
orbifold Une bundle = (t^o)'' Xg2;rr,/rf C over {Uq,Zci). Now we change coordinates of 
Un to Uni - [-T'\Q] X S^. The same argument obtains a limiting orbifold line bundle 
-^1 = {U]Y Xg-2„ciid C over (UuZd). Finally, since -if t are really the limit of the same 
flat line bundle, there is a canonical identification ^olo - -if ilo- Therefore, we obtain a 
W-structure ^ on the nodal curve ^ locally represented by Uq A Ui. Furthermore, (p" 
converges to an isomorphism ipj : W(J£i, ■ ■ ■ , — > C. 

When gcd(ci, ■ ■ ■ ,Ct,d) - a > 1, the orbifold structure {U[),Zd) is redundant, the group 
action is not faithful; hence we can modify the uniformizing system of Jffo by redefining 
the local group to be Zrf . 

Hence degeneracy of the underlying curves (£" along a circle induces a geometric limit 

rig 

Theorem 4.1.3. ■ ■ ■ , ipn, - ■ ■ , fiN) converges to , ■ ■ ■ , ^jv, ip\, - ■ ■ , ipn) in gxw 

Proof. For this purpose, we need to shows that the above sequence is in any neighborhood 
of , ■ ■ ■ , J^N, tfi\,-- ■ , ^Pn) for / >> 0. 

But this is automatic from our construction. Recall that the construction of a neighbor- 
hood of (^1, ■ ■ ■ ,.ifiv,^oi, ■ ■ ■ ,^PoA') in Proposition 2.2.4. Let (£ - {^<o,p\, ■ ■■ ,pk,.Sf\, - ■ ■ ,^N,ifii,- ■ ■ ,ifN, 
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1^1, ■■ ■ , ipk) be a rigidified W-curve having a orbifold nodal point z with local group G; = 
Z/c/, then we can construct the nearby rigidified VK-curves. Let ^ - (sz, 67), Sz - 2T be the 
gluing parameter; then by Proposition l2 .2.41 there is a nearby curve "^o.f ■ Take one compo- 
nent ([7^0, 00) X 5 ^)k, k^l,2 with coordinates (s^, Ok). Let Uk = ([jT, |r] x 5 and ul'' 
be the degree-c/ covering of Uk- A local trivialization of .jSf, is given hy Uk x C with the 
group action e^'^''''' : (zk,Wj) (e^''"''zk,e^-^^''^''''''j'''wj). Thus the orbifold line bundle Jfy 
when restricted on f/it is a flat line bundle with holonomy 

Pkj-.TTiiUk)^ U(l),k^ 1,2, j^U--- ,N, 

where pkj sends the generator of ni(Uk) = Z/dto e'"'''^''"^'^''wj. As a rigidified IV-structure 
on a nodal curve, the part of date is the identification of at nodal point compatible 
ly-structure. Now we use this identification and the trivialization on Uk to glue the W- 
structures on Ui and U2 to get a W-structure on "^^0,^ • In our construction of ^qj, it naturally 
carries a trivialization at the nodal point. The above gluing process gives precisely the 
= (uy x^2„-/rf C on the cylinder □ 

4.2. Topology of the moduli spaces ^"xw(7' ^) ^nd ^l^k.wiY' 

rig 

4.2. L Perturbed Witten Map over ^ ^ w^J)- 

rig 

Frechet stratified orbibundles over ^ ^ ^ w^J)- I^Y algebraic geometric construction 

in BFJRIL there exists the universal rigidified W-curve C"^\^ — > gkwij^- Also, by 

Proposition 12 .2 .41 we can obtain the required family of smooth metrics on C^^^j^- We first 

construct the stratified Frechet orbibundles Z?° and B^-^ over ^ ^k w(7')- 

Let(£ = ('€,pu--- ,pk,^],--- ,^N,V\,--- ,<Pn,>^i,--- ,^k) -■ (^, ^, *F) be a rigidi- 

rig 

fied W-curve representing an element [(£] in ^gkw^y)- be decomposed into irre- 

ducible components: = Uy'^y. Denote by ttv : ^ ^ the projection map from the 
renormalized component '^y to the nodal curve ^. The automorphism group of £ is Aut((£) 
which is the extension of AutC^^) along Aut<^(^, ^F). We have the Aut('^^)-invariant metric 
of and the induced metrics on the line bundles Define 

C^i^^^j) := {(M,>) e ®,C°°(%,^j)\uj,,{py) = Uj,^,{p^), if n,{p,) = 7r^(p^)) 

C"'(^, ® A°'') := {(m;;v) e evC^C^v, ® A°-')), 

and let L^C^, and U'(^ ® A" ') be the p-integrable Sobolev spaces with respect 
to C°°C^,if;) and C^C^,^; ® A"-') respectively. We always take p > 2 Vq ensure the 
continuity of the functions in L'^C^, J^'j). Let B|J represent the Frechet spaces L'^C^, x 

■ ■ ■ L^'C^, ^iv) or C°°C^, ^1) X ■ ■ ■ C^C^, .ifiv) and let represent L''('^, ^1 ® A"-') x 

■ ■ ■L''('^,^iv®A°'i) orC"Cr,ifi®A°-i)x- ■ ■ C"'(^, .if'A,®A°'i). The automorphism group 
acts naturally on and Bg ' . For example, if (r, g) e AutC^) x Aut<^(^, ^F) is an element 
in Aut(£) and u e then (t,^) ■ m(z) = guij ■ z). Now (resp. B^'') become the fiber 
at [(£] of the Frechet orbibundle B" (resp. B""'). In fact, we can give a description of the 
uniformizing system of B" around [£]. Let (f/, AutC^^)) be a uniformizing system of € 

^g^jt such that e U/ AutC^); then the uniformizing system of [£] € ^(j) is 
given by (U, Aut((£)). Hence the uniformizing system of B*^ around [£] is (t/ x B[^, Aut((£)). 
The action of g e Aut((£) on B^\u is an isometry from the Frechet space B° to B" ™,. 
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Actually a local trivialization is given by the gluing map Glue in Lemma 15.3.11 Similarly, 
one can get the description of the uniformizing system of 5° '. 



Witten map. Since the projection map n : B^^ ^ •^g,l,w(7) is orbifold morphism, we 
have the pull-back Frechet orbibundle ;7r*B"'' over The Witten map is defined as the 
section from to tt'B"'': 



WM((£,n) = WM^iui 



/ 


(dW\ 






V 





,un) 

, d<^UN + Ii 



( dW 

diiN , 



Note that the Witten map is actually defined between uniformizing systems; hence it is 
required to be Aut(£)-equivariant. This equivariance can be easily seen from the equation. 

Remark 4.2.1. It is not hard to see that Witten map descends to the moduli space of W- 
structures .^g.k.wij)- However, the perturbed Witten map is only defined over .^g\ wij)- 

Trig 



This is the main reason that we use , 



' g,k,W 



(7). Alternatively, one can think that the per- 



turbed Witten map is multi-valued over ■y^g,k,w(7)- 

Perturbed Witten map. Since the nonlinear term appearing in the Witten map is degenerate, 
it is hard to get the asymptotic behavior of the solutions lying in the zero locus. We need 
to perturb the Witten map near the Ramond marked or Ramond nodal points. We will treat 
the two cases in diff'erent ways. 

Let (£ = Cif , *P) be a rigidified W-curve. Choosing a rigidification 1^ at a marked 
point p means fixing a basis e = (ei, ■ ■ ■ , e^) of the line bundles ^1 x ■ ■ ■ Jf^? near p such 
that 

W(ei, ■ ■ ■ ,eN) = dz/z. 

The group G acts on e. We can fix a basis e", and call the corresponding rigidification i/r" 
the standard rigidification. Then the set of rigidifications at p is g ■ 1/'". Let (i^",b) be a 
pair of data, where b = (bi, - ■ ■ ,bN) is the perturbation parameter We define the group 
action of G by g ■ (1^°, b) = ■ i/r", g ■ b). 

For any rigidification if/ - g ■ \)/\ we take the pair isl/^S ' b). As the first step we will 
construct a perturbed map over £ based on the data {^,g ■ b). If is a Neveu-Schwarz 
marked point, then we leave the Witten map unchanged. We only perturb the Witten map 
near a Ramond marked point p. Let [0, cx)] x5 ' be the cylindrical neighborhood of p. Since 
p is Ramond, the line bundles are classified into Ramond line bundles and Neuve- 
Schwarz line bundles. As shown in Section [3] the group action of y at p determines Wy, 
the sum of partial monomials of W, and thus determines the choice of perturbed function 
Wo,y. As done in Section[3] we choose a number fo > To, where To is the number related 
to the gluing parameter occurring in Proposition 12231 and a section fij whose derivative 
has compact support in [Tq, fo + 1] x 5 ' of some line bundle such that fij e Q.i.^j'^ ®Ki„g). 
After choosing f 0, we fix f in this paper Hence the perturbed map on (£ is defined as 



WM, 



(Ml,- - ■ ,un) := 



d'^ux + ii 



( d(W + /3iWo,y)] 
dui 



rUN + h 



{ diW + l3NWo,y) 



duM 



One can easily verify that 



WM, 



= WM 



(92) 



(93) 
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We can perturb the Witten map near each Ramond marked point in this way and take 
WM^ ' as the global perturbed map whose restriction near each marked p is WmJ^'"*'' 

Lemma 4.2.2. WM ' is a section from B° to n*B^'°. 

Proof. Assume that has several components %; then the group Aut<^(^, c ]"[/ Aut<g;(^, 
Each Aut<g;(^, ^F,) acts trivially on the Ramond line bundles at each marked point on 

~' ('J'.b) 

Hence WM is Aut((£)-equivariant. □ 

— (f ,b) 

Although we obtained the perturbed map WM , we still need to perturb this map at 
the Ramond nodal points. There is no natural rigidification at nodes. Here, we run into the 
same problem as defining perturbed Witten map over ^g^k.wiy)- In this case, we simply 
treat it as a multi-valued perturbation or multi-section. We notice that Fukaya-Ono [FO] 
has used the same idea already in their construction of virtual fundamental cycles. The 
reader can find the definition and properties of multisection in subsection[ 

Now assume that p is the only Ramond nodal point connecting two components and 
^ of We want to define the new perturbed map over (£. First we give the standard 
rigidification i/f" to the two half edges represented by p in the yU and v components. Denote 

them by i/r'J and i/r" respectively. Take the standard pair b). If we take the map WM 
as the Witten map WM, then we can define the new perturbed map over the component yu: 
WM^f'^^ := (TVM*''Vf°''", where the latter operator has the same form as The new 

perturbed map on the v-component is not independent and it is defined as WM^** ' '^'''^ :- 

(W7W*'")*°'"^*'"\ Here / = diagC^*^', ■ ■ ■ ,^'"') and = -1. This is the requirement of 
the compatibility from the gluing operation. The details will be discussed later in Remark 
14.2.61 Thus we have the new perturbed map over the two components: 

WMf WM^i^'^^'mMfr'"'"' 

Here we denote b) := , i/r" , b, -/(b)). 
Now we consider two cases: 

(1) Tree case Let g = (^1,^2) e Aut^(>F, if) = Aut^^C^P, ^) Xc/<y„> Aut^^(>P, if), 
then there exists a 6 e< jp > such that gi = g26. We define g ■ (t//\ b) = (g ■ 

il,\g ■ b) := {gi ■ (A°,g2 ■ tA°,^i ■ b,-g2 ■ /(b)). So we can define WM^^''^-^' "^ 

and WM^l^'''''-'~^^''^'"^\ The latter map equals WMf ''''"-'^'''^'^^^ since 6 fixes the 
rigidification ilP and it acts trivially on the perturbed term. Hence the compatibihty 
condition for the two maps is satisfied and we obtain WM^^'^ 

(2) Loop case In this case, we have Aut<^(*P, if) =< jp > n(n*^j < y, >). Let 
g e Aut<^(*P, if); then the following map is well defined 

Thus in either cases, for any g e Aut<^(if , ^) the map 

^^teY-^gb) ^gjj defined and 



equal to WM^^ 



Lemma 4.2.3. If g e Aut.^(if , ^F), then for any u € B^, there is WMf''^\g ■ \x) ^ g 
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Proof. We only treat the tree case; the proof of the loop case is left to the reader. Assume 
thatg = {gugi); then (rV",b) = (g^V+.^zV-b, -/(b)). 

Let e - (ei, • • • ,eti) be the basis corresponding to the rigidification i/r'J; then the i-th 
component of WM**''''(u) is 



?Ui + h 



(dW 



+ bil3Tei®^. (94) 

z 



dui ^ 

Since gi e G, there is a number A,A'' - 1 such that gi - (/I*' , ■ ■ ■ , A'^"). Hence it is easy 
to check that the /-th component of WM*°''"(^*'mi, ■ ■ ■ , A'^'un) is /'WM^'''''^"'"'\u)- We 
have a conclusion similar to the v component. Hence 

WMf^''\g ■ u) = (wM^f'^g, . u,), WMt:-"''\g2 ■ U2)) 



Definition 4.2.4. The perturbed Witten map WMiiiu) over (£ is the multisection [WM^^'^ '^^ : 
g € Aut<i^(^, *P)] from to which is Aut((£)-equivariant by Lemma 1433] In 
general, if £ has n Ramond nodal points, then we have the multiple index (lA^jb) :- 
(ij/^(pi),ip'^(pi),hi,-l(hi),i - ,n) and the group Aut<^(.if , ^F) acts naturally on it. 

The perturbed Witten map can be defined as 

WM(e(m) := [WM''1'''°'^^ : g e Aut^ C(if , *P)] 

which is also Aut(£)-equivariant. Here WM^*^ is called a branch map of WMti. The 
zero locus of WM^ is defined as the union of the zero locus of all of its branch maps, which 
is also an Aut((£)-invariant set. 



Since the deformation domain in £ has empty intersection with the perturbation domain. 



the perturbed Witten map is naturally defined over ^"?^{T; y) for any combinatorial type 



— T-ng 

r. However, to construct a global perturbed Witten map over M ^ ^ 5^(7), we need to modify 
the existing perturbed Witten maps over the strata such that the compatibility condition 
holds for these multisections. We construct such a map by induction with respect to the 
order > of the dual graph. 

rig 

As the first step, we consider the minimal stratum in ^^^.^{-y). The dual graph 
(F, {gy), o) is minimal if 

= 0, K^l,, Vv. 

In this case, the stratum ^ g^ki^) consists of only one point, and ^/iT) as the covering 
space consists of only finitely isolated points. Then the perturbed Witten map WM(£ is 

well-defined over ^ g\ iy(r). The second step is to redefine the perturbed Witten map on 
the nearby curves. Define a smooth and monotone increasing function w : x 5 ' ^ R 
such that 

0, s< 8fo 



mis, 0) :- vj(s) - 



1, s>9To 



Without loss of generality, we show how to redefine the perturbed Witten map on nearby 
curves of (£ which have only one Ramond nodal point p connecting two components 
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— rrrig 

and (Ey. Then a neighborhood of (£ in ^ ^j^y^iy) is given by 



y.rx([ro,cx,]x5')p 

Aut(G;) 



where (V-ig' x ([ro, oo] x 5 AutC^)) is a uniformizing system of G ^g,i(r). 

The rigidified W-curve , ^ = {Sp, Gp) is constructed by gluing the W-structures on 
the corresponding domains [\sp, jSp\ of two components of The redefined perturbed 
Witten map on is defined as 

WM<,^^ := [WM'^lf'"^ : g e G], 

where 

('5(W + t37(Oy6iW'o,r) 



5m 1 



diiN 
(95) 

It is easy to see that the redefined map WM is Aut(£)-equivariant on V'^/ x ([Tq, 

So in this way we can redefine the perturbed Witten map on the nearby curves of [£] e 

rig 

•^gXw^)- Note that the perturbation term zijjSjWo.y will disappear if the gluing domain 
approaches 2f o x 5 ' ; thus the redefined perturbed Witten map wiU be compatible with the 
original perturbed Witten map defined on ^^^^^{T') satisfying F <: F'. 

rig 

Now we do the induction assumption. Take the space j, ^,(^') and assume that for 
any dual graph F such that F < F' we have already redefined the perturbed Witten map 

rig 

on the nearby curves of We want to define the perturbed Witten map on the 

rig rig rig 

nearby curves of Take a finite open covering of ^g^wi^) -^gxw^^'^ 

such that any point in the open set of this covering has the redefined perturbed Witten 
map. The perturbed Witten map was already constructed over any point in the compact 

rig 

complement •^gxw(^'^ ~ • redefine the perturbed Witten map on nearby curves 
around those points as done in the first step. Now it is possible that for a nearby curve 
[£] there are two definitions of the perturbed Witten maps; one comes from the original 

rig 

definition in ^^_;t_>v(F) and the other one from the new definition. But these two definitions 
are identical since the deformation domain and the resolution domain are separated. One 
can either deform the complex structure first and then redefine the perturbed Witten map 
or redefine the perturbed Witten map first and then deform the complex structure. Thus 

— —rig 

we construct the redefined perturbed Witten map on the nearby curves of M ^ ly(F'). By 

induction, we can define the global perturbed Witten map at any point of ^ ^k,w^'y)- 
This global multisection WM : FP — > n*FP'^ is called the perturbed Witten map over 

Defuiition 4.2.5. Let WI^s, represent the branch WI^^ of the perturbed Witten map 
WMg; then the perturbed Witten equation over £ is defined as 

Whiui,--- ,un) = Q. (96) 

In the following, we also call the branch map WI<i as the perturbed Witten map. 



This means that on each component dy, we have 
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dui.v 



= 0,V/= I,--- ,M (97) 



where m, v is the v-component of the section m, and Wo,/; represents the perturbed term. 
In view of the definitions, we have 

WM^\0) = Aut,£ -WqHO). (98) 

Because of the group action, we have WM"'(0) - U — W/,7'(0)/ Aut((£) c B°. 

This set is rather complicated because transversality does not hold. Its topology is weak 
and can't be characterized by the strong topology from the Banach bundle. But we can give 
it the Gromov-Hausdorff topology, and prove the Gromov compactness theorem. Finally, 
we can show that it carries an orientable Kuranishi strucuture if the perturbation is strongly 
regular This method to construct the virtual cycle has already been used in the proof 
of the Arnold conjecture and in the construction of Gromov-Witten invariants in general 
symplectic manifolds (see IFOIILiTllLTliR. Sbl and etc.). 

Remark 4.2.6. Now we discuss the gluing of the Witten equations on two components 
connected by a nodal point. Let ^ be a nodal curve with one Ramond nodal point p 
connecting two components and Let (e,>), Zv) and (e,-,^, z^) be the standard basis and 
coordinates of line bundles ^ on '^y and respectively, such that 

117/ \ '^^t^ titri \ 

Zv Z^ 

Then the perturbations we choose in the yU-component and y-component are not indepen- 
dent. Now the relation between the two families of perturbation parameters is shown as 
the conclusion of the following facts. 

As before, we take the cylindrical coordinates Zv - e^' and z^i - e^'' . Then we have the 
relation 

W(ei,v, ■ ■ ■ , eN,v) = -d^v, e [0, oo) 
W{ex,f„ ■■■ , eN.^) = -d(f„ € [0, oo), 

and d^y = —d^^, Cv + iii - where l^p is the gluing parameter if we want to do the gluing 
operation. 

We have the following facts: 

(1) In the coordinate system {zy, e, v), the perturbed polynomial 

Wo,v = y]bj,y/3j,yUiy e Q(— ). 

. Zy 

A similar expression holds on the ju component. 

(2) Assume that ; then the perturbed Witten equation has the form 



2dW 

d(Ui,y - — - 2bi,y = 0. (99) 

OUjy 

In (Zfi, Ci^ij) coordinates, we have m,,^ = and the corresponding equation 



2dW 



d(^Ui,^-^^-2bi,^ = Q. (100) 
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(3) Let = -1 and ei,n - ^*' e,-,^, we have 

When we do gluing, first we need to identify the coordinate - - and so 
d(v - -d^fj. Secondly, we should identify the line bundles on two components by 
identifying the basis e,- y with e,-,^. 

(4) The local expression of the perturbed Witten equation in the coordinate system 
(^^, e,;^) is given as below. We have 

and so 

Substituting the above equality into Equation (1 100b . one has 



This is equivalent to 



2dW 

d(^Ui,, + — -2e-h, = o. (101) 



So in (^v, e,jj) coordinates, we have 



2dW 



d(Ui,, - ^ + 2f'hM = 0. (102) 

(5) After transformation. Equation ( 11021 ) should be the same as Equation ( |99] |. So we 
obtain the relation between two parameter groups: 

bi,y = -^"'bi,^. (103) 

and at the nodal point p one has 

e/,v = e,;^,M,>(+oo) = M,>(+o°)- 

(6) Let / : C'^ — > C'^ be the map defined by the multiplication of the diagonal matrix 
diag(^*' , ■ ■ ■ , ^*''). If IV + Yjj bi,ftUi,ft has critical point and corresponding 
critical value it is easy to show that {I{k^), -a-') is the critical point and critical 
value of IV + Yjj bi,^Ui,^- 

(7) If the rigidifications over the two components are not standard but arbitrary, we 
can still glue the perturbed Witten equations. However the identification map / is 
replaced by the composition of / and the inverse of the corresponding rigidifica- 
tions. 

Definition 4.2.7. Sections (mi, ■ ■ ■ , «,) of x ^2 x ■ ■ ■ x -S?/ on are said to be solutions 
of the perturbed Witten equation ( |96] | if they satisfy the following conditions: 

(1) for each «,> e ^„,(^v\ki , ■ ■ ■ , z^„), h (|^ + ^) e L^J'^Wz,,- ■ ■ , ztX -^j 

^''''I'^J, where ^ is the component of Uj and ky is the number of marked points 
and nodal points on "^y; 

(2) (Mi,y, ■ ■ ■ , M,,v) satisfy the perturbed Witten-equation jW] ) on almost everywhere; 

(3) near each marked or nodal point, the integral 



fdOds < 00. 
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(4) If p is a Ramond nodal point of between two components '-^v and then 

lim (Mi,v(iv, ^v), ■ ■ ■ , M,,v(iy, Qv)) = Hm (u\^^,(s^,, 0^), ■■■ , u,^^(s^, 0^)). 

Remark 4.2.8. Using the notations from Remark 14.2.61 we discuss the condition (4) in 
the above definition. The condition (4) is given in section form. Assume that on the 
v-component, S, ^ satisfies Equation ( |99] l with 5, ,,(+00) = K-j, where K-i, a-' are the j-th 
critical point and critical value of W + 2 bjyUiy. Now the condition (4) implies that the 
corresponding value in the //-coordinate should satisfy 

for a local solution S,-,^ of Equation (llOOb . 

On the component £y, the equation (|97] l has a corresponding equation defined on the 
resolved curve '-^ : 



d(W + Wo^)] 

dgi.v 



= 0,V/= I,--- ,A?, (104) 



where g,;v e Q(^#'v, ^From subsection l3.1.3l we know that there is a one-one corre- 

spondence between the solutions of these two equations. In fact, let p be a marked or nodal 
point on the component £v, and take a uniformizing system (A x C, Gp) of the orbifold line 
bundle ^ near p. If (z, m,>(z)) be the local solution of (jg?]!; then m,-v(z) = gi,y(z'")(z'")®'". 
The properties of the solutions of Equation ( 1104b have been fully studied in Section 3. 
Hence we can easily get the following theorems: 



Theorem 4.2.9. The solutions of the perturbed Witten equation ( 1961 ) satisfy the following 
conclusions: 

(!) Interior estimate: for any ball B2R lying outside the cylindrical neighborhood of 
any marked or nodal points, there exists a constant C depending only on R, m e Z, 
and the metric in B2R such that 

I|M/Ilc'»(ii2«) ^ C. 

(2) Boundedness estimate on the cylinder: Let p be a marked or nodal point with 
cylinder neighborhood [0, 00) x 5 Then for any compact set K c [0,oo) x S \ 
there is a constant depending only on m € Z, K, and the perturbation parameters 
b in Wo,yp such that 

l|M/llc"(/f) < C. 

Here the derivatives are taken with respect to the cylindrical coordinates (s, 0). 

(3) Asymptotic behaviors: Without loss of generality, we assume that for 1 < / < Np, 
the solutions Ui 's are sections of Ramond line bundles and for Np + I < i < N, the 
solutions Ui 's are sections of Neveu-Schwarz line bundles. Then we have: 

• Let W()_yp(Mi, ■ ■ ■ , Mai,) = Tj^-i bkUt be any Wy^-regular polynomial at p. Then 
ifY^l'-i \bk\ is sufficiently small, there exist constants C,T,6 > such that for 
any (s,0)eS^ X [T, 00), 



<Ce-^\fori^ I,-- - ,Nj 



1" 



where (ki, - ■ ■ , km^) is some critical point ofWy^ + Wo, 



42 



HUIJUN FAN, TYLER JARVIS, AND YONGBIN RUAN 



• If Np + I < i < t, then there exist constants C,T,6 > such that for any 
(i, 61) € 5 1 X [T, oo). 



l"iHc"([r,co)) 



< Ce 



Ss 



(105) 



(4) Continuity: Assume that p is a nodal point connecting two components and G^^; 
then Ui^y(p) = = ui^f^ip) naturally hold for Neveu-Schwarz sections Ui,Np + 1 < 
; < A^. For Ramond sections Ui, I < i < Np, we have Ui y(p) — lim.5^,^oo Ui y(Sv) — 
Ki — lims^_>oo Ui^fi(Sfi) — Ui^fiip), which is required by the definition of solutions. 
Here x — (k\, - ■ ■ , k^^^) is some critical point ofW + Wy^^. 

Remark 4.2.10. The above conclusions hold for any solutions of the perturbed Witten 

rig 

equations at any point (£ e ^g^^^wC/)- One may woiTy about the equations on l£^. ^ , which 
is the resolution curve of (£. In this case, the perturbed Witten map has a perturbation 
term appear in the interior of the glued curve. Now the interior estimate on is the 
combination of the interior estimate and the bounded estimate of (£. 

/,From the description of Theorem 14.2.91 we know that any solutions of the perturbed 
Witten equation actually lie in the space C^C^, ^i) x ■ ■ ■ x C^C^, ^n). 

4.2.2. Soliton space. Let (£ = (^^, pi,--- ,pii,^i,--- ,^f^,ipi, - ■ ■ ,(ps,i//i,- ■ ■ ,4'k) be a 
rigidified semistable Vt^-curve with k marked points. The IV-structure induces a group 
element jp^ € G at p,. The action of this local group determines whether the line bundles 
are Ramond or Neveu-Schwarz at and hence determines the choice of the polynomial 
and the perturbed polynomial Wo.y^ . Choose the coefficients such that each Wo^y^ 
is VVy^^ -regular and then fix Wo^y^^ . Under the rigidification, (i.e., choosing the local bases 
around the marked point), we obtain deg( Wy^ ) - 1 critical points of the polynomial Wo,y,, + 
Wy^^ in C'*', which are all non-degenerate. We use Xi to denote the critical points at the 
marked point pi. Remember Xi can take degiWy^^) - 1 values. Denote x :- {x\, - ■ ■ , xt). 

Now we study a special solution space related to a marked point p. The data attached to 
p is y € G, the image of the generator of local group Gp in G, and Xp, some nondegenerate 
critical points of W^y^ + Wy^ . Let A^^ be the number of Ramond line bundles at p, we 
give an order to the set of these critical points /<•',■■■ , /c'*'=s(M'r,,)-i jjj qn,, gp^^-g g^-jj j-jj^]- 
ReCCH^y + Wo,y)(^')) > ReCCH^y + W,,,y){Kj)) if / > 

Let ^1 , ■ ■ ■ , be flat orbifold line bundles defined on the infinitly long cylinder Rx5 ' , 
where the monodromy representation is given by 



At the point -co, the orbifold action on , ■ ■ ■ , J^f^ is given by y ' and at oo it is given by 
y. We have the perturbed Witten equation (in cylindrical coordinates) defined on R x 5 ' : 



By the asymptotic analysis in Section |3] we know that u takes values {k'^,Qi) at +oo 
(notice the sign!), where a:^ or are two critical points of Wy + Wo,y. The solution of this 
equation is called the soliton solution of type yp connecting /c^ and and is denoted by 

{viK\K-,yp)- 

We have the following Witten lemma. 

Lemma 4.2.11. If p is a Neveu-Schwarz point, then the related soliton equation ( 17 061 ) at 
p has only the zero solution. 



Pp : 1 eZs7ri(Rx5') ^ y eG c ;7(1)'^. 



duj ^ ^(W + Wo.y) 
dui 



= 0. 



(106) 
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Proof. This is a special case of the Witten lemma we proved in section[3] □ 

By the above lemma, we only need to consider the soliton equation related to Ramond 
marked points. Set p as a Ramond marked point. Due to the proof of Lemma 13.3.21 we 
have 



Lemma 4.2.12. Let {\iK*,K-,y) be a soliton; then we have 



d{W + Wa,y) 



dui 



2 



Corollary 4.2.13. There is no soliton solution connecting k and , if It7i(Wj+Wo,y)(K )^ 
Im(Wy + Wo,y)(K^), and only the trivial solution if k' — . 

According to this corollary, the soliton solution connecting two different critical points 
Kj and Kj exist, only if lm{Wy + Wo,y)(*f') = lm{Wy + Wo,y)(*f-'). 

Corollary 4.2.14. Let p be a Ramond marked point on a W -curve. If the perturbed poly- 
nomial Wo,yp is strongly Wy-regular, then the related soliton equation has no nontrivial 
solution. 

Now we consider a kind of special soliton solution which is independent of the angle 6. 
Assume as before that the first A^,, components of u are Ramond sections and the last com- 
ponents are Neveu-Schwarz sections. Since the Neveu-Schwarz line bundles are nontrivial 
bundles, there is no nontrivial section which is independent of 0. Hence the equation ( 1106b 

becomes 

dui ^ d(Wy + W o,y) 

ds dui 

This special solution is a called BPS soliton with respect to the superpotential Wy + Wo,y 
in Landau-Ginzburg theory in physics. By the above equation, we can easily get 



-^-2 -I^ ^Q, s^l,--- ,Np. (107) 



dAWy + Wo,y)(s) 



d{Wy + Wo.) ' 



dui 



This shows that the imaginary part of (Wy + Wo,y)(i) is invariant under the evolution of the 
flow, and the real part increases monotonically. 

Stable manifolds and vanishing cycles. So to count the number of solitons connecting 
two critical points, e.g., and we need to study the intersection behavior of the stable 
manifold at k- and the unstable manifold at ' . Here we define the unstable manifold at /c' 
to be the following set in C'^'' : 

C'(k^) := {(mi, - ■■ ,un^) e C^"\((ui,--- ,un^)) ■ s ^ k\ as s ^ -oo), 

where (ui, ■ ■ ■ , un^) ■ s represents the flow line going through (mi, ■ ■ ■ , un^,) at time s - 0. 
Similarly, we can define the stable manifold of k^: 

C'(k^) {(mi, ■ ■ ■ , un„) e C'^''|((mi, ■ ■ ■ , u^,,)) ■ s i?, as i ^ +oo). 

It is wellknown that C{k^) and £"(*•') are all real dimension n. They are submanifolds of 
the (2« - l)-dimensional subspace 

{(mi, ■ ■ ■ , UN,,) e C'^"|/m(Wy + Wo,y)(Mi, ■ ■ ■ , m^„) = Im{Wy + Wo,y)(^>))). 

So for generic parameters b\, - ■ ■ , bN,, such that Im(Wy + Wo,y){K^)) - Im(Wy + Wo,y)(K^), 
the geometric orbits connecting a:' and are finitely many. Actually this can be given by 
the intersection numbers of two vanishing cycles which represent the two critical points 
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respectively. In fact, take a point w - (Wy + Wo,y)((ui, ■■■ ,UNp) ■ (so)) on the segment 
connecting Im(Wy + Wo,y)(K^)) and Im(Wy + Wo,y)(^)); then the two (n - l)-dimensional 
intersection submanifolds := (Wy + Wo.yYHw) f) C"(k^) and (Wy + Wo^y^Hw) n 
C(k^) are just vanishing cycles representing /c' and k^. For example, when sq — > -oo, 
(Wy + Wo,y)~\w) n C"iK^) will shrink to the critical point . 
We have the well-known result from Picard-Lefschetz theory: 

Theorem 4.2.15. The number of BPS soUtons connecting and is given by the inter- 

setion number A' o A^. 

The computation of the number of BPS soliton is an important part of classical singu- 
larity theory. 

Definition 4.2.16. Let {/c', • • • ,/(^'^s(^r)-i) be the set of nondegenerate critical points of 
V/y + Wo,y. Let ;o < 71 < ■ ■ ■ < j,, < i\, define Sy(K^'^,K^\- • • ,k^i',i^^) to be the space of 
broken soliton, {u,„j,,Uj,j2, ■ ■ ■ ,Uj,,,[) , where u,„j, is the soliton of type y connecting /c'" 
and A-^' , and so on. We denote by Sy(K'°, k") the space of all kinds of solitons of type y ( 
including broken solitons) from k'" to /c'' . 

Obviously 5 yC/c'", k^' , k^',!^^) is not empty if and only if IvaiWy + Wo,y)(A:"')) = IvaiWy + 
W^o,r)(^"). 

The group C acts on Sy(K\ k'^^) by (so, ^o) • •) = u(- + ^o, • + fo) and the group 
also acts on 5 y (/<:'° , a-^' , • • ■ , k^i' ,/<■'') in an obvious way. 

If the space 5y(/c'°,A:-", • • • ,k-''',k'') is not empty, the soliton {Uigji,Ujj2, ■ ■ ■ ,Uj^i^] can 
be viewed as the broken trajectory connecting the periodic solutions k'" and /c" in some 
sense. So imitating the construction of a trajectory space in symplectic geometry, one can 
consider the following equivalence relation: 

i^kh . UjiA . ■ ■ ■ . u;^,-, ) ~ {u;„^. , U'jj^ , • • • , u}^,, ) 

iff there exist real constants s\,-- ■ , Sp+i such that 

(ii, • • • , sp^i) ■ K,„u„,,, • • • ,uy^„} = {\y'i,j,,\y'j,j,, ■ ■ ■ 

Then we define the moduU space of "geometrical" soUtons as S y(K^'' , ■ ■ ■ ,k^'',k'') = 
Sy(K'",K-'' , ■ ■ ■ , k-'p,k'')/ ~. There is an 5 ' action on the space Sy(Ki, The fixed points 
of this space are just the BPS sohtons. However, in our setting, we will not care about 
the space Sy{Ki,Ki+\), but the quotient space Sy{Ki,Ki+i) := Sy{Ki,Ki+i)/S^. BPS soUtons 
become the singularities of the S ' action. 

rig 

4.2.3. Moduli space ^ gi^^(y,x). 

Define the section u ':= (uu ■■■ ,un) e C°°Cr,^i x---^,^) := C^C^.^i) x • • • x 

C'"('^,^n). 

Definition 4.2.17. Let £ = ('rf,pi, ■■ ■ ,pk,^\,--- , ^n, tpi,--- ,'fis,t/'i,--- ,(/'<:) be a rigid- 
ified stable W-curve, and u be a solution of the perturbed Witten equation on (£. Then the 
tuple (£, u) is said to be a stable W-section. 

Definition 4.2.18. The automorphism group of ((£, u) is defined as 

Aut(e,u) :={t e Aut((£)|T(u) = u) 

Since Aut((£, u) is a subgroup of Aut(<£), we have 

Lemma 4.2.19. The automorphism group Aut(£, u) is a finite group if (£ is a W -stable 
curve. 



WITTEN EQUATION 



45 



Definition 4.2.20. We say that a stable section ((£, u) is of type (7, x) if at each marked 
point Pi of E the generator of the local group Gp, is yp. and the section u which is viewed as 
the section in C'^ by the standard rigidification at pi takes the given value Xi for I <i <k. 

rig 

Definition 4.2.21. The moduli space of ^^^.^(y,;*) is the space consisting of isomor- 
phism classes of all sections (£, u) of type (7, under the action of the automorphism 

rig rig 

group Aut((l£, u)). The subspace 7, >i) of ^g^^^w^T' ^) the space consisting of 

— rrrig 

the elements in .vMg f, ^7(7, k) having dual graph F. 

If the perturbed polynomial Wo.y^j at any Ramond marked or nodal point p, is strongly 

rig 

-regular, we call the moduli space ^g j^ ^^{y,x) strongly regular. However, when 

rig 

•^g,/fc,w(7' iiot strongly regular, then it is not compact with respect to the Gromov 
convergence which will be defined later. The loss of compactness is due to the existence 
of solitions. So we need to add the corresponding limits to our moduli space. 

Definition 4.2.22. Let ((£, u) be a stable l^-section of type (7, x), where 7 = (71 , • • • ,yk) 
and X = (xi, ■ ■ ■ ,Xk). Take a marked point pi„ of (£ such that ij/i^(u)(pi„) - xj°, where 
is the rigidification at and x^" is the joth critical point of the perturbed polynomial 
Wy.^ + Wy.^ . We simply write it as nipi^) = x^° if no ambiguity can occur. Let (Uj^ j, , 7,,,) be 
a soliton in Sy (x^°,x^.^). We define (£#„ (R x 5 ') to be the connected sum of the IV-curve 
£ and the W-curve R X 5 ' by identifying the marked point p,^ in £ and the -00 point of 
R X 5'. Similarly, on the new W-curve, we can define the cormected sum u#p_^Uy„j| in a 
natural way. We call the pair ((£#p.^(R x 5''),u#p,^Uj„j-,) a soliton W-section. If ((£',u') is 
another stable W-curve having a marked point p,-, labelled by y-^ - 7^^^ and u'Cp;, ) = x'}^ - 
Uj„J^i+oo), we can construct another pair ((£#p;^(R x S ^)#p.^^' ,u#p.^Uj„J^#p.^u'). This pair 
is also called a soliton W-section. In the same way, one can continue to construct new 
soliton W-sections if the two glued soUton W-sections satisfy the compatibiUty conditions 
at the gluing point. 

There is a natural group action on the soliton W-curve. For example, assume that 

(e;i,ui) G ^ZkMri'X^^^ ii£\u^) g ^Zk2.w(72^><2) and Kj„7a„) ^ Sy,^ixi^,xj^) sat- 
isfy the compatibility conditions at marked points on and p„ on Then we can get 
a soliton IV-section (^^#pJR x S^)#p,^(£^,u^#p_Uj,j,#p_y). Let gi e Aut(G:', u'), / =1,2 
and (so,^o) ^ C; the action of igi,iso,Oo),g2) of the above sohton W-section is defined 
in an obvious way and we can define its automorphism group. Obviously the W-curve 
(l'#p,^(R X S ^)#pi^ £^ has genus ^1 + g2, k\ + k2-2 marked points and may not be a stable 
W-curve. The k\ + k2-2 marked points are labelled by the set 7 =: {71,72} - [ypi^,ypi^] 
andx=: {xi,X2} - {Xp.^,Xp.^}. We say this soUton W-sectionis of type (7,^. 

Definition A.l.li. The moduli space of ^ gxw^7^ ^) the space consisting of the isomor- 
phism classes of all soUton W-sections of type (7, x) under the action of its automorphism 
group. 

^rig rig 

Combinatorial types of soliton W -sections. We have the relation ^^^/t.wW - U; ^ gxw^i)^ 
where the summation is taken over all possible G-decorated dual graphs. Note that each 
half-edge r of a G-decorated dual graph is decorated with a group element y^ g G. The 

number of these F is finite. Each .^^^^^/^(T) is a multiple covering of ^g,;fe(r) under the 
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Stable map sf'^ and the degree of sf'^ is finite because of different rigidified W-structures. 

Define Comb{g, k, W; y) to be the combinatorial types of W-curves in .^^xwW- Then 
this set is a finite set. The partial order > in Combig, k), the set of combinatorial types 
in ^g^k, induces a more refined partial order > (involving the information of rigidified 
W-structures) in w^T) ^^^^ th^t it becomes a stratified space. 

Now we consider the combinatorial types in ^^ j. n,(7,;«). There are new combinatory 

types in ^g^w^T^ compared to those in ^^^.w^j) because of the existence of soliton 
components. We always assume that there exists only one group element y e G such 
that the perturbed polynomial Wy + Wf.o has only two critical points with the property 
\m{W^ + Wy,o)(f"') = Im(W^ + W>,o)(f"). So if a dual graph F € Combig, k, W;y) has a 
half-edge t decorated with y, then we replace the edge t by the dual graph of a soliton of 
type f. We denote the new graph by r\T) and call it a sohton graph. Define F > F^(t). 
Furthermore, if F has multiple edges decorated by f, then we can replace each edge by 
the dual graph of a soliton of type y to get a new graph F'. We define the order F > F*. 
Since the number of half-edges t possibly decorated by is finite, the number of sohton 
graphs is finite. Let Comb{g,k, W;y,x) be the set of combinatorial types of dual graphs 
in ^gxwiY' We have a partial order relation > in Comb{g, k, W; y, x). This set gives 
a stratification to the moduli space ./#^,jr .vi/(y, X)- We will use the partial order to glue our 
Kuranishi neighborhoods to obtain a Kuranishi structure. 

Now we begin our construction of the topology in our moduli space. We first define the 

topology in ^ g^wiy, x) when it is strongly regular. 

Let (£",u") be a sequence of isomorphism classes in j!^^^.^^{y,x). Suppose that (£" e 
•^^Kwiy) converges to (£ e .J^^^yfiT). This means that there exists a sequence of (£p e 

rig rig 

^ g ^ ^(T) such that Ejl ^ d in ^ ,^,(F) and there is a sequence of gluing parameters 
C = kl---, C^Eiv) such that (£« = m)o,c and T ^ 

rig ^rig 

Definition 4.2.24 (Neck region). Suppose that (£" e ^^ ,(. n,(y) converges to (£ e ^^ j jy(F). 
Let z be any nodal point of the underlying curve of £ connecting two components 
and Given f > IQTq (where Tq comes from the definition of cut-off function yS), the 
neck region of the underlying curve ^ of (£ at the nodal point z is defined as 

Nn,zif) := ([f , T,"] X 5 >)v U ([f , r«] xS%. 

Here ^« = (s«, 6,) and s", = 27,". 

Note that is obtained from by gluing the corresponding domains [^T", \T"\ 
in two components connected at z- In view of the definition,we can identify the regions 

- U„e£(r)A^„,.(f ) in with <4« - \J,eE{Y)N„jf) in and with U,<=£(r)M,,j(f ) in "t^. 
So the section u" can be viewed as defined on and by the pull-back of the deformation 
map we also can assume that the u" are defined on the region ^ - y^zeE(r)Nn,z{T) in 

rig 

Definition 4.2.25 (Gromov convergence). We say that ((£",u") (d,u) in ^ gxw^T^^) 
as n — > 00 if 

(1) For each f > lOf o, u" converges in the C°° topology to u on - ^zeE(r)Nn,ziT). 

(2) Um^^^iM„^cx,Diam(u''(U,iV„,,(f))) = 0. 
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If ^ ^i. -^{y,ii) is strongly regular, then ^ ^ f^y^(y,>t) - ^ ^i^ Yfiy,x) and we can prove 

^rig 

below that ^ ^ ^ ^/(y, k) is compact with respect to Gromov convergence. Now we consider 
a special case. We assume that the perturbation polynomials Wy^ + Wo ^^ are all strongly 
Wy^, -regular except at the marked (or nodal point) pf,, the perturbation polynomial Wy^^^ -H 
Wo.y^ij has only two critical points x^',x^- such that Im(Wy^^^ + Wo,yp^ )(?<•'') - Im(Wy^^^ -H 

Wa,y^^){x^^). We want to define the convergence of ^ gj^y^{y,x) in this case. Without loss 
of generality, we can assume that po is a Ramond nodal point. 

Definition 4.2.26. Take (£", u"), (t£, u) in ^ ^^.yf{-y,x). If for sufficiently large n, pa is not 
any of the nodal points of (£", u"), then we define that (£", u") — » ((£, u) in ^ ^{y, x) 
as in the Definition gl^S] Now assume that ((£",u") = ((£"-i#^„(£"'2, u"''#p„u"'2), where 
u«-'(po) = >c^'- = n"'Hpo), and ((£, u) - ((£'#;,„ , (RxS ')#„„, (E^, ui#^„ ,#u,„,,#,,„,u2), where 
u^j,(-oo) = = ui(po,i),u;,j,(-Hoo) = x^^ = u2(po,2). We say that (£«,u«) ^ (Cu) in 
•^g k w^T' ^) if '^he following conditions hold: 

(1) (G;"'2,u"'2) ^ ((£2,u2) as in Definition 112251 

(2) Let N{f) be the neck region on (£i#^„, (R x 5 ') for any f > lOf. Then ((£"'1 - 
([f , CO) X 5 u"-') converges to ((£' - ([f , oo) x 5 u') in the sense of Definition 
WTB\ 

(3) There is a sequence of positive numbers s„ — > oo such that u" :- u"(- + i„,-) 
converges in C^^^^^, to Uj, j-, on R x 5 '. 

(4) Umf^„iim„^ooDiam(u"([f , -f + i„] x 5 ')) = 

Remark 4.2.27. Since the polynomial Wy is only determined by the group action of y e G, 
the perturbation polynomial Wy + VVo.y can be chosen to depend only on y but not on the 
special marked or nodal points. Hence if there are more than two Ramond marked or 
nodal points labelled by the same group action and satisfying the same requirement of 
critical values as in the above definition of convergence, we can still define the Gromov 
convergence in this case. 

4.3. Gromov compactness tlieorem. 

Tlieorem 4.3.1. [Gromov Compactness theorem] Assume that the perturbation polyno- 
mials Wy + Wo,y are all strongly Wy-regular except possibly for only one group element 
yo e G, the perturbation polynomial Wy^ + Wo,y„ has only two critical points x-'' , x-'- such 
that Im(Wy^^ +Wiiy^,^)(x-'') - Im(Wy^^ + Wo,yp^)(x^^). Then the moduli space ^ gi^Yf{y,k) is 

a compact Hausdorff space for any y, x. In particular, if ^,(y, x) is strongly regular, 

rig 

then -y^ gxwiy^ ^) '-^ compact Hausdorff space. 

Proof. Let (£",u") e ^^^.^(y, *;); we need only find a convergent subsequence. Since 

rig rig 

(£" € ^ g J. ■^{■y) and ^ ^ ^ iv(7) is compact, we can assume that (£" has the same combina- 
torial type for each n and converges to £ e ^ lyC")- By Theorem |4.2.9l for each f, u" 
has a subsequence (we always use the same notation if we take subsequences) such that it 
converges to a C°° section u on - Uje£(r)A^„,z(7'). When restricting to each component of 
(£, u is a solution of the perturbed Witten equation. 

Now we consider the convergence. There are several cases: 
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(1) p is a nodal point of £ and all (£" connecting two components and C^j such that 
the group element jp + jq. We assume that u" converges to Uy in the interior part 

of e„. 

Now we claim in this case that for any s > 0, there exist a constant f and a 
critical point such that for any sufficiently large n and (s, 0) e [T, oo) x 5 the 
following holds: 

\\i1{s,e)-Xy\<s, (108) 

and 

\xxl{s,e)-x^\<s. (109) 

If the conclusion is not true, then there exists a positive number eo and a se- 
quence Sn — » o°,9n e 5 ' such that for any critical points x of Wy^ + Wq^j^ the 
following holds 

\n1{Sn,e„)-x\ > SQ. 

Let u"{s, ff) = Jiyisn+s, 6„); then u" is the solution of the perturbed Witten equation 
defined on [-i„, oo) satisfying the condition |u"(0, 6„) - x\> eq. 

By Theorem |4.2.9l u" will C)^^^^ converge to a solution u such that for some 
OoeS\ 

|u(0, Oo) -x\> eo, 

for any critical point x. Hence u is a nontrivial solution of the perturbed Witten 
equation connecting two different critical points. However, we know this is not 
true because Wo.y^^ is strongly Wy^^ -regular. 
Now by ( 1108b and ( 11091 ). we know that 

u"(+oo) ^Xy^ u'l^(+°°) = Xf, 

and 

Uv(-l-oo) - U^( + oo) = Xy. 

Hence we have proved in this case that (£", u") converges to (£, u). 

(2) p is a marked point such that 9^ yo- Proof of compactness in this case is the 
same as in (1) except we need only consider one component. 

(3) p is a nodal point of (£ and all (£" connecting two components ^y and satisfy 
the relation = yo. 

Assume that u"(oo) = x - uJJ(oo). 
There are also some cases: 

(a) X + x'^ , x-i- . We know that in the interior part of each component, u" and 
converge to and respectively. In this case we can show in the same way 
as (1) that Uv(-i-oo) - u^(-i-oo), and ((£",u") (G;,u) in .^'gj ^,('y,>e). 

(b) K = xj^i 01 xj'). 

If the sequence (£", u") satisfies for any e > that there exist a constant T and 
a critical point Xy such that for any sufficiently large n and {s, 6) G [J, oo) x5 \ 
the following holds: 

\a''y{s,0)-Xy\<e, (110) 

and 

\ul{s,e)-x,\<s. (Ill) 

Then we know that Xy - x^ - x, Uv(oo) = \i^{oo) - x and ((£", u") converges 
to ((£,u) in J^''g,, yf{y,x). 
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If it is not the case described as above, then the argument of (1) shows 
that there exists a sequence i„ — > oo such that the reparametrized sequence 
u"(s,ff) := u"(s„ + s,0„) C"^^^! converges to a nontrivial solution uj^j^ on 
R X 5 ' connecting the uniquely possible two critical points x^' and x-'^ . In 
fact, it is easy to see that u^(oo) = and Uv(+oo) - because there is 
no other kind of trajectory connecting two critical points. Hence we obtain a 
soliton W-section (£v#p„j(R x S ^)#p^^'&^, Uy#pg^Uj^J^#p„^U|J). Now it is easy 
to show that (£", u") i^v#po.i i^xS ^)#po_^^fi, Uy#j,„ jU^i j-jftp^^u^) in Gromov 
convergence. 

(4) In the convergence of the W-curve, one component can degenerate into a nodal 
curve. So without loss of generaUty we assume that (£" is an irreducible curve 

and £" — » llv#p„£^ in .Mg^. ^ij)- If yp^ + yo, then one can show as before that 
(6;",u") will converges to a stable W-section {^y%p^^fi,\\.y^p^\\.^. If jp^ = yo, then 
((£", u") may converge to a stable W-section or a soUton W-section in Gromov 
convergence. 

In summary, we have shown that ^ ^,(y, x) is a compact space in the Gromov topology. 
This is also a Hausdorff space, since the limit W-section (£, u) is uniquely determined by 
the approximating sequence. □ 

5. Construction OF THE VIRTUAL CYCLE 

The aim of this section is to construct a Kuranishi structure of the moduli space -y^ gxw^T^ 
the space of soUton W-section. We know that if this moduli space is a strongly perturbed 

s ^rig 

space, then there is no soliton W-section and ^ gj^^^{y,x) - ^ gj^ yfiy^x). As the first 
step, we construct the Fredholm theory of the perturbed Witten map and do some prepara- 
tions. 

5.1. Fredholm theory and impUcit function theorem. 

Note that we have defined for any (£ = ('rf,pi, ■ ■ ■ ,pj:>-^i) • • • ,-^n> 'Pi' " " " 'fs> • • • » ifrk) £ 

rig 

k wiy) the corresponding Witten map: 
Wh ■■ C^i'^', ^1 ) X ■ ■ ■ X C'C^, ^n) ^ C°°Cr, ^1 ® A°'i) X • • • X C°°C^, <g) A°''), 



which has the following form: 



dui 



fUN + h 



( diW + Wofi) 



duA 



). 



Here the perturbation term Wq^ has the form w(^)yS, Wo,y which is determined by the com- 
binatorial type of ^ and the group element y and the cut-off section yS, . 
Define 

CS^C^, ^ix- • • := {u = (Ml, ■■■,un)€ C^C-^, =Sfi)x- • •xC°°Cr, ^nMAPv) = ujM = 0, if 7Ty(py) = n^p^)}, 
and 

C^^", ^1 X ■ ■ ■ X ^A,) = evL^C^v, ^1 X ■ ■ ■ X ^A,) (1 12) 

L''('r,=5^-®A°'') = evL''f^v,^-®A°''),/= I,--- ,N. (113) 

The metric used to define the norm is the cylindrical metric near each marked or nodal 
point. We wiU always set p > 2 in our discussion. 
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We have the hnearized operator D(f,uW/ of W/(t at u: 



duiduj 



(114) 



D(£,u W/ is a map from C^CT, ifi x ■ ■ ■ x ^a,) to (evC'"(^v, ifi)) x ■ ■ ■ x (evC^C^v, ^w)) 
or from L^C^, x ■ ■ ■ x ^^v) to L^C^, Jf, ® A^-') x ■ ■ ■ L''C^, ,ifA, ® A°'^). 

When restricted to the cylinder neighborhood, the linearized operator has the local form 



£'(£,uW/(0):=Dtt,„W/(0i,-,0M):= 



d^4>i - 2 > — — — (pj, ■■■ , d(4>N - 2 > 



(115) 



where \i,(f)'-s are local sections or can be understood as functions satisfying the twisted 
periodic conditions. 

Theorem 5.1.1. Let (£,u) e i^^^,('y,x) and assume that (£ is connected. Then its lin- 
earized operator D^i^^W I : L^'C^,^iX- ■ -x^n) L''C^,^i®A°'')x- ■ -xL^C^, ^a,®A0'1) 
is a real linear Fredholm operator of index 2c5y(l — g) — YjT'^^iyr) - 2t=i^yr> where 
cw = ZKl - 2?,), Lijr) = i;,(0r - andNy^ = dimC^f^ ( ifC^^ = {0), we set Ny^ =0). 



Proof. Let be a marked point. Define the limit matrix of A(t) as: A,j(T) = limi^+ 
We define a new real linear operator D such that in the cyUndrical neighborhood ([1, oo) x 
S^)p^, D has the form 



dUiduj 



D(p - d(pi + ^^A\j4)j, ■ ■ ■ ,d(pN + y^^^Njfj 
V ; j 

Note the facts that by Theorem 14.2.91 u decays exponentially to zero. So D is a compact 
perturbation of D^uWI. To show that D is a Fredholm operator and compute its index, we 
need some preparations. 

Index ofd°° in a half tube. Let (([0,oo) x 5') X C,F) be a bundle pair, i.e., C is a trivial 
line bundle and F is the Lagrangian subbundle given by the fiber Fi,m - e'^^R. Notice that 
we take the coordinate ^ - s + iOin the half tube [0, oo) x 5 ' . Define the weighted Sobolev 
spaces of sections with weight 5 > Q and p > 2 as follows: 



{01, {\V^\P + \^\P)e^'dsde < oo,,p{Q,0) G F,. 



e^'dsdO < oo) 



We have the standard Cauchy-Riemann operator: 5°° .- d : LP'i^ — » L''"*. 

Lemma 5.1.2. 5°° is a Fredholm operator Let ks,p - [|]. Then 

mdex5"=0 if\k\<ks^p 
index 5" - -2k + 2ks,p + 1 ifk > ks^p 
index 5" = -2k - 2ks,p - 1 ifk < -ks,p 
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Proof. This lemma is possibly not new, since there is a lot of discussion in the literature 
(see MMSI . ODol and so on). But they are seldom in our required form. We follow Joel 
Robbin's method in the appendix of IMSL 



Step 1: We lift this problem to the li-sheeted covering ([0, oo) x 5 and get the bundle pair 
(C, F). Meanwhile, we have the lifting operator d. It is easy to see that index 5 - index 5. 
Hence in the following we always assume that d - I. 

Step 2: Prove coker5 = {tfrdzldsiff-idgiff - 0, ip{Q, 6) e iF, ^ e U-^ and is a smooth function}. 
In fact, taking any (p e L^'^, ij/ e L^-^ c L^, we have 

{i^/dz, d(f)) = Re( f f + idg(f>)dsd0) 



= Re( f f (5, (A - idgil/)(l)dsd0) + Re( f i/^(0, e)4>{0, 0)). 
Jo Js' Jsi 

Therefore we have the conclusion. 

Step 3: If A: < kgp, then d is injective. If ^ > kg^p, then dimkerS -2k- 2kg p - 1. 
The solution of 50 = has the Laurent series 

The coefficient is given by 

a„ = — f 0(0, e)e-'"'^de. 

By the equaUty 0(0, 0) = 0(0, e)^"^'*® we have 



0(0, e)e'"''de 



- r 

27T J5I 



0(0, 0)e 



-i(2k-n)B 



- aik-n- 



Now by integrability we know that a„ = 0, Vn > -kg^p. So = if A: > -kg^p, and this 
shows that d is an injection. If A; < -kg^p we have 

M'^fh-n^, , „(2<:+<:Ap + l)(.s+(fl) „-fe> + l)(.5+'e) 

0(i, t/; - a2*;+fa.,,+ie + ■ • ■ + a-kijj,-ie , 

and so dim ker d - -2k - 2kg p - 1 . 

Step 4. If < kg^p, then d is surjective. \fk> kgp, then dimcoker^ -2k- 2kg^p - 1. 

Let e coker5; then 5(!0) - and ii//{O,0) e e^'^^R. Now using the result of Step 3, 
we have the conclusion. 

□ 

Index of d'^ in a disc. We can also consider the bundle pair (D x C, F) on a flat disc D, 
where the Lagrangian subbundle F :- e'''^R. We have the Fredholm map 

5^ := 5 : L'^(D, C) ^ L'\D,A°-^). 

The following lemma is proved in the appendix of BMSI : 

Lemma 5.1.3. index 5^ = 1 + 2k. 
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Index of d"''^ in a disc with origin an orbifold point. Assume {D X C, Z^/) to be a chart of 
orbifold line bundle C at the origin, where the group action is given by 

Since, near the boundary dD, the orbifold structure gives a line bundle structure, we can 
associate a Lagrangian subbundle F to dD defined as Fp.n := e'''''^'^R. We can define the 
Sobolev spaces of the orbifold sections: Lj' '"^''(D, C) and L^'"''*. We have the Fredholm 
operator 5°'* d : L'[''"'\dX) LP'"'''. 

Lemma 5.1.4. 

index 5°^* = 1 ifk^O 
index d'"'' ^ 2k - 1 ifk^O. 

Proof. If A: = 0, then the orbifold line bundle is a trivial non-orbifold bundle, and the index 
can be obtained from Lemma l5.1.3l If k Q, then the orbifold line bundle is nontrivial and 
the group action forces all continuous sections to vanish at the origin. Hence the first and 
the last coefficients in a Taylor expansion similar to what we computed in the case of the 
half-infinite long tube will disappear. So, compared to the case of the disc, the index will 
drop by real dimension 2. □ 

Firstly we assume that ^ has only one component, and let - '^\U^^j([l, +oo]x5 
where the /^^ are marked points. Let^' - ({l)x5 be the oriented circle with the induced 
orientation from ([1, +oo) x S So 5*^/, - Ut(-SI.), where - means the anti-orientation. 
Notice that the orbifold structure of ^ near the marked point Pr induces a monodromy 
representation of the line bundle J^'f. 

Prj:7Td([0,oo]xS')pJ^GczU{l) 

which is given by Ptj(I) - . Let R[ = -e^'^^®r''R be the Lagrangian subbundle on 

Si Then we obtain the bundle pairs (%x^i,Rjx- ■ -xR') and (([1, +oo)xS^)p^x^i,R]). 
Define 

Let L^^C^, ^i) be the closure of C^(%, Jf^) under the norm and LP(%, x A"-') be 
the closure of C^i^, ^ x A" '). Then it is well-known that 

is a self-dual Fredholm operator in this boundary value problem. 

Similarly we can define another boundary value problem on [1, oo) x 5 ' such that 

dTiT) : L^,(([l, ^)xS 'V, ^0 ^ L"m,cx>) X S ')p^,^i X A°'i) 

is also a self-dual Fredholm operator. 

Since D is a real linear Cauchy-Riemann type operator, we can similarly define the 
following maps: 

DC%) := D : L'[j^{%, x ■ ■ ■ x if^v) ^ /^"(^z,, ^ii^i x A"'')) 

and 

D^(t) : Llj^m,^) xS')p^,^i x---x^,)^ LP{{[\,^) xS')p^, x^^i x A°'')). 

We have the index gluing formula which can be proved in exactly the same way as in 
the appendix of [MS I . 



WITTEN EQUATION 



53 



Lemma 5.1.5. Assume that DC^b), D°°(t), t — 1, ■ ■ ■ ,k are defined as above; then we have 

k 



mdex(Z)) = index DC^) + ^ D°°(t). 



Since D{%,) is a compact perturbation of dxC^b) © ■ ■ ■ © dii'^t), we have 



index DC^fc) = ^ index 5,(<^fo). (116) 



Notice that the operator 
D"(t)(0) 



j j 



actually split into two parts: the Ramond part and the Neveu-Schwarz part. If we write 

Ar 



A = 
Then 







D«(t) \ p.+As- 0_ 
Dm(t) \ d-+AN' 



where is a non-degenerate complex symmetric matrix with small eigenvalues whose 
absolute value is less than 1 and Aat is a small complex symmetric matrix. 

Since the dual operator of Dr(t) is -d ■ +Ar-, the sections in the kernel and cokernel 
are all exponentially decaying and the exponents depend on the absolute values of the 
eigenvalues of Ar. There exists a small 6 > such that the index of Dr in the usual 
Sobolev space is the same to the index in the weighted Sobolev space L^'^. Since this 
Sobolev space has compact embedding theorem, we can drop the 0-term without changing 
the index. We have 

indexDfi(r)= ^ index5r(T) = 0, (117) 

where the last equality is from Lemma |5.1.2| 

Dn{t) is a Fredholm operator in the usual Sobolev space of sections, since each Neveu- 
Schwarz bundle ^ is a nontrivial line bundle. Actually we can define a desingularization 

: 4'(s,e''>) e C"(([l, oo) x 5 ')^^, Jf^) ^ e C°°(([l, cx,) x 5 C). 

This map provides the isomorphisms of Banach spaces from L^^(([l, oo) x 5 ')p^, J^'i) to 
L^y([l,oo) X S^)p^,C) and L''(([l,oo) x S^),,^,^/) to L''(([l,oo) x 5')p^,C). Now the 

operator rji&J') o Dm{t) o rj(&'^'y^ - d- + diag(0[^ ■ ■ ■ ) ■ +An-- Hence we know that Dn(t) 
is also a Fredholm operator and 

index Div(T) = index (7/(0^0 ° Dn(t) o r]{@jT^) . 

For the same reason, the sections in the kernel and cokernel of ?7(0[O ° Dn(t) o /;(0^^) ' 
are also exponentially decaying; we can compute the index in a weighted Sobolev space 
and then drop the 0-term. By Lemma 13. 1.2 1 and Lemma l5.1.4l we have 

indexDiv(T)= ^ index5f (r) = ^ index 5°'''(t). (118) 
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Notice that in Lemma l5.1.2l we take the coordinate ^ - s + i9, but in Lemma 15.1.41 we 
take the coordinate z = e"^. For a different choice of coordinates, there is a minus sign 
difference in the corresponding Lagrangian subbundles. 

Therefore we can obtain 

index£)"'(T) = indexDfi(T) + index Da,(t)= ^ index5f*(r). (119) 
By Lemma lgXsl ( fTT6l l and ( fTTOb . there holds 

k 

indexD = ^ index5,(^i,) + Yj J] index ^"'■''(r). (120) 
Furthermore, by Lemma lS. 1.41 and the index gluing formula, we have 

A- k 

index D^Yj i"dex ^/C^) + ^ ^ index 5f *(t) - ^ ^ 1 

k 

= 2 index 5, -J] J] 1. (121) 

Therefore now the index computation is changed to the index computation of 5, on the 
closed orbifold with orbifold line bundle 

The following lemma is from Proposition 4.2.2. of QCRll . 

Lemma 5.1.6. 

index5/ = indexR 5, = 2C i(\^i\)(cl('^)) + 2(1 - g), (122) 
where clC^^) means the closed orbifold. 

Combining this Lemma, ( 1121b and the following degree equality which was obtained 
before: 

k 

ammm) = deg(if^) = qiiig -2+k)-J] ®]\ 

T=l 

we have 



indexD=2^ q,(2g - 2 + k) - +2^(1 -g)-£ ^ 1 

/V T=l ) i T=l i:@J^=0 

=2(1 - g)(Y^(l - 2qi)) - 2 - - Yj^7r 

i T i T 

k 

^2cw{l-g)-Y,^Lijr)-YjNr^' (123) 

T T=l 

where cw = - 2?,) and i(y^) = - 

If E has more than one connected component, i.e., nodal points appear, than we use the 
relation 

to obtain the general result. We have finished the proof of Theorem lS.l.ll □ 
It is easy to get the following conclusion: 
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Corollary 5.1.7. Let (Uj, j^, y) e Sy(K^^ , k^^). Then the linearized operator D^j^ ,^ (W/) is a 
real linear Fredholm operator of index on R X 5 

In the following, we introduce the implicit function theorem in our required form, which 
is called the "Kuranishi model" in f CR2| . Here we have done a small modification. 

Suppose F is a C' Fredholm map from a neighborhood of in the Banach space X to a 
neighborhood of in the Banach space Y. Then DF(Q) has a finite-dimensional kernel and 
cokernel. Write F(x) = F(0) + DF{0)x + G{x). 

Assume that £ is a finite-dimensional space such that Y - E + im DF{0), and let V - 
{x e X\DF{0) ■ X e E}. Then V is a finite-dimensional subspace in X, and dim V - dimE - 
index DF{Q). There exist subspaces V and E' in X and Y respectively such that X - V®V' 
and Y = E ® E' . Let Pe '■ Y ^ E' and Py : X — > V" be the projection map. The operator 
DF(Q) : y — > is invertible. We denote its inverse by Q. 

Lemma 5.1.8. Consider the ball Uir in X of radius 2r such that x e U2r satisfies the 
condition Sxi,X2 e t/2r, 

\\Pe ■ G(x^) - Pe ■ G{X2)\\ < C(\\xi\\ + \\x2\\)\\xi - X2\\ 

Let < r < g^ligii . If\\PE ■ F(0)\\ < er, where e < jy^, then for any v & V C\ U r, there is 
a unique v'(v) e V" Pi t/r such that F(v + v'(v)) e E, and^ : v ^ v + v'(v) is continuous 
and one to one. On the other hand, for any x e Ur/\\i-Py\\ such that F(x) e E, there is a 
unique v e V Pi t/^ such that x — v + v'(v). In particular, let s : V C\ ^'^^{U ri\\i-Pv\\) —* E 
be defined by s(v) — F(v + v'(y)); then s is continuous and s"'(0) homeomorphic to the 
zero set F"'(0) Pi Ur/\\i-Py\\ by v ^ v + v'(v). (U,-, E, s, *F) is called the Kuranishi model of 
FatO. 



Proof. The proof is similar to the proof of Lemma 3. 2.1. in liCR21 . if we put B,.(x) - 
-Q ■ P(F(0) + G(v + x)) there. 

□ 

Remark 5.1.9. In the construction of the local charts, we will see that F{x) represents the 
nonlinear Witten map and F(Q) represents the approximating map. 

5.2. Multisection and Kuranishi theory. 

This section provides the machinery, multisection and Kuranishi theory, to produce the 
virtual cycles. All of the contexts we summarize below can be found in BFOI . We cite the 
context here only for the convenience of the reader. 

Multisection. For a space Z, let S^^(Z) := jS^k be the ^-th symmetric power of Z, where 
5^1 is the permutation group of order k\. If Z is an orbifold, then S^'^iZ) is also an orbifold. 

Definition 5.2.1. Let (V x R*, F, pr) be a local model of smooth orbibundle of rank k over 
(y, F) and / be a positive integer An l-multisection of (V x R*, F, pr) is a continuous map 
i : y — > ^'(R*) which is F-equivariant. 

There is a canonical map tmi> : ^'(Z) — > 5^^^' (Z) for each /, /' defined by 

tmr[xi,- ■■ ,xi] - [xu- ■■ , xi, ■ ■ ■ ■ ■ ■ ,x;], 

where we write x,- 1' times. 

It is easy to see if i is a /-multisection, then tm^ o 5 is an /'/-multisection and the restric- 
tion of s is still an /-multisection. 
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Definition 5.2.2. Let pr : E ^ X he an orbibundle. A multisection is an isomorphism 
class of the following objects ({(V,- x R*, F,-, pr)}, {i,)) such that 

(1) {(V; X R\Ti,pr)} is a family of charts of E such that U, V,/r,- = X. 

(2) Si is an //-multisection of (V,- x R*, F;, pr). 

(3) In the overlap Vz/F, Pi Vy/Fj, the section tmi. o 5, equals fm;, o sj under the transition 
map. 

We say two multisections 

({(V;xR\r.,pr)},{s'i}) 

and 

({(y,xR*,F,,/,r)),{i,)) 
are equivalent if the sections tnii o and tm/. o satisfy the compatibility conditions on 
the overlaps. 

For a locally liftable multisection ({(V,- x R*^, F,-, pr)), {,?,)), Sj. is called a branch of 
■Si = 1 < 7 < li]- The sum of an /-multisection i*^'* and /'-multisection i'^^ is an 
/'/-multisection s*'^ -1- s*^^' and its branches consist of all the possible sums of branches of 
s*^'' and s^^\ We can also naturally define the multiplication of a function with a multi- 
section. For an open set Q. c X,we can define the space Cj^(f2, £) of continuous liftable 
multisections. It is a C''(f2)-module. Similarly, one can define the C'^-differentiable space 
Ci(£l,E). 

Using the concept of multisection, Fukaya and Ono have constructed the transversality 
approximation theorems for orbifold sections. (see Theorem 3.11 and Lemma 3. 14 in |FO]). 

Kumnishi theory. Let X be a compact, metrizable topological space. 

Definition 5.2.3. Let V be an open subset of X. A Kuranishi or virtual neighborhood of V 
is a system {U, E, G, s, ^') where 

(1) U - f//G is an orbifold, and £ — > t/ is a G-equivariant bundle. 

(2) i is a G-equivariant continuous section of E. 

(3) 'I' is a homeomorphism from i"' (0) to V in X. 

We call E the obstruction bundle and s the Kuranishi map. We say (U, E,G, s,^') is a 
Kuranishi neighborhood of a point p e X if p has a neighborhood V carrying a Kuranishi 
neighborhood. 

Definition 5.2.4. Let (f/,, G,, Si, "P,) be a Kuranishi neighborhood of V,- and /21 : Vi 
V2 be an open embedding. A morphism 

[cp] : (UuEuGuSu'i'i) ^ (f/a, £2, G2, ^2, *I'2) 

covering / is a family of open embeddings 

021 : Ui U2,hi ■ El E2,A2i : Gi G2,<l>2i : f2\TU2lTUi 02i^2/£'i 

(called injections) such that 

(1) 021, ^21 are /i2i-equivariant and commute with bundle projection. 

(2) A21 induces an isomorphism from ker(Gi) toker(G2), where ker(G) is the subgroup 
acting trivially. 

(3) 52021 = 021*1 and 021 covers /21 : V\ -> Vy, ^202i = *I'i 

(4) If g<p2\{U\) n 02i(f/i) + for some g e G2, then g is in the image of A2\. 

(5) G2 acts on the set {02i) transitively, where ^(02i, 02i, /i2i) = ig'Pii.g'Pii^g'^iig'^)- 

(6) 3)21 is an G-equivariant bundle isomorphism. 
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Definition 5.2.5. A Kuranishi structure of dimension « on X is an open cover YofX such 
that 

(1) Each V e y has a Kuranishi neighborhood (U, E,G, s,^) such that dimU - 
dimE - n. 

(2) If V2 c V\, the inclusion map i\2 : V2 — > ^1 is covered by a morphism between 
their Kuranishi neighborhoods. 

(3) For any x e Vi n V2, Vi , e t, there is a y3 e ^ such that x e ^3 c Vi n V2- 

(4) The composition of injections is an injection. 

We can also define morphisms between two spaces X and Y carrying Kuranishi struc- 
tures. However the morphism we prefer is a special map from X which carries a Kuranishi 
structure to Y which is an orbifold. The following definition is given in Definition 6.6 of 

Definition 5.2.6. Let X be a space carrying a Kuranishi structure Y and Y be an orbifold. 
/ : X — > y is called a strongly continuous map if / is a family of continuous maps [ fv] for 
V e'f such that /y, o 0v/,,v, - fvi- f is said to have maximal rank if for each V eY, fy is 
smooth and V/5 e V we have xwkdfv\p - min{dim V, dim Y]. 

Remark 5.2.7. The concept of Kuranishi structure was introduced in symplectic geometry 
by Fukaya and Ono (|FO|) to define the Gromov-Witten invariants and prove the Arnold 
conjecture in general symplectic manifolds. The reason is that the moduli space of stable 
maps is not an orbifold in general but it can still carry a Kuranishi structure. The existence 
of this structure is sufficient for defining the virtual cycle. 

Fukaya-Ono used the concept of germ to define the Kuranishi structure; then they 
proved that there is a good coordinate system, i.e., a finite covering of Kuranishi neighbor- 
hoods. Here we define the Kuranishi structure in a different but equivalent style. In the def- 
inition of morphism, we included the map O as our data and required O : (p*TU2lTU\ — > 
(f)*E2lE\ to be an isomorphism. In definition l5.2.5l O is required to satisfy the injection 
composition rule. If we assume that U3 c U2 c Ui, this is equivalent to the following 
commutative diagram: 

|(1)23 |<»13 I*!! 

* I ^ I ^ I ^0 

This is just the definition of "tangent bundle" in IFOl . In our definition, we require the 
existence of tangent bundle to be a part of the definition of Kuranishi structure. 

To treat the orientation problem of the moduli problem, we follow Fukaya-Ono's con- 
struction of the "bundle system". 

Definition 5.2.8. Assume that the space X has a Kuranishi structure {{U, E, G, s, *!*)). We 
change these data into a new composition {( U, F\,F2, G, *I''^)) (forget the information about 
E, s, ^P) such that they satisfy the following conditions: 

(1) For each open set carrying a Kuranishi neighborhood. Fi g and F2,q are orbifold 
bundles over Uq/G. 

(2) For any embedding (ppg : Uq — > Up covering fpq : Vq — > Vp, there are embeddings 
of orbibundles: ^^pq ■ Fj^q — > (pp^^Fi^p, i - 1,2, and an isomorphism 

F 4>*pqF\,p 4>*pqF2,p 
Fl,q F2,q ■ 
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<t>'qi-F\.q 






Fl, 










•P'qrFLq 


<l''prFl.p 


Fl.r 


F2.r 



(3) Let Vr <^ VqC\ Vp be three open sets in X all of which carry the Kuranishi neigh- 
borhoods, then we have the commutative diagram: 

Q ^ ^ ^ 0^ ^ 0* (%^) > 

Q . . ^ . — ^ 

(Fl , F2, is called a bundle system related to the Kuranishi structure [{U,E, G, s, of 
X. 

We say two bundle systems (Fi, f 2, '•¥^) and (FJ, Fj, 'P'^ ) are isomorphic if there exist 
isomorphisms between Fi and F'^, F2 and F'2 in each chart of X such that they commute 
with the morphisms 'F'^'s and 's. 

Example 5.2.9. (rt/, £, O) is an intrinsic bundle system related to the Kuranishi structure 

{(U,E,G, s,'i')} 

Definition 5.2.10. A bundle system is said to be orientable if for any point p e X, Fi^p and 
F2,p are orientable as orbifold bundles on a small Kuranishi neighborhood Up of p and if 
Uq c Up, then 



VI/ . 



P 



is orientation preserving. 



Fukaya-Ono IFOI then defined the K-theory of the bundle system related to a Kuranishi 
structure of a space X. They defined the concepts of oriented bundle system, complex 
bundle system, stably oriented and stably almost complex. They showed that a bundle 
system is stably oriented iff it is oriented. Hence if one proves that a bundle system is 
stably almost complex, then it is stably orientable and so an orientable system. 

Once the definitions of Kuranishi structure and orientation are constructed, Fukaya-Ono 
have the following theorem: 

Tlieorem 5.2.11. Let X be a topological space carrying an n-dimensional orientable Ku- 
ranishi structure {(U,E,G, s, Then the section s can be perturbed to a multisection 
s which is transverse to the zero section and the zero set S^'(O) is an oriented cycle. The 
cobordism class [s"'(0)] of this cycle is independent of the choice of the multisection s. 
Furthermore, if Y is an orbifold and there is a strongly continuous map f : X ^ Y, then 
/*[S"'(0)] is a homology class in H„{Y; Q). 

Kuranishi structure with boundary. 

Let X be a compact metric space. We can also define an n-dimensional Kuranishi struc- 
ture with boundary on X. We only need a minor change in Definition l5.2.4l We modify the 
definition of Kuranishi neighborhood {U, E, G, s, *P) and don't change the other conditions. 
U is required to be a G-invariant open neighborhood of in R" or R" x [0, 00) and G is 
required to be a finite group with a linear representation to R" or R" ' respectively. A point 
p is said to be a boundary point of X if there is a chart (t/JJ"' x [Q,Sp),Ep,Gp, Sp,^p), 
where t/JJ"' is a small neighborhood of in R""', such that p e U",^^ /G. Let dX be the 
boundary of X, which consists of all the boundary points of X. Obviously dX is a space 
with (n - l)-dimensional Kuranishi structure. 

Similarly, we can define the notions of bundle systems, orientation, etc. on X carrying 
a Kuranishi structure with boundary. 



WITTEN EQUATION 



59 



5.3. Construction of the local chart of an inner point in jt^j^ -^{y, x). 

If a soliton W-section ((£o-, Uo-) in -^gxw^y' ^) soliton component, then we 

show that it is actually an interior point of the moduli space. In this part, we will construct 
the local chart of an interior point. 

A non-BPS W-section ((£o-,Uo-) can still have a soUton component, for example, we 
denote one of them by {vLj^j^,yp), where /? is a marked or nodal point of £. Since this 
sohton is not a BPS sohton, Mj^j^ has at least one regular value and this guarantees that the 
automorphism group Aut((£o-, Uq-) is a finite group. 

For simpUcity, we define 

D^WI) := D„^((W/)eJ; Aut((r) := Aut(6;,,u,). 

Using the standard method one can easily find a finite dimensional space Eg. c LP(^, X-i^^j® 
a"'')) satisfying the following properties: 

(1) + imD^iWI) = L^Cr, x,(^- ® A"'i)). 

(2) E^ is complex Unear and Aut(o")-invariant. 

(3) There exists a compact set Kghst away from the marked or nodal points containing 
the support of all elements in E^-. 

(4) E^ is a finite-dimensional space consisting of smooth sections. 

Let E'^®E^ = L/'Cr, x,(if;® A"-')), and let V^p.^eV; = Xt^i), where V,^p,^ = 

{Da-{WI)Y^{E,j). Thus Da-{WI) : ^ E'^ is & bounded invertible operator. Its inverse is 
denoted by go-- 

Let do- = C^o-, P\, - ■■ , Pk,.Sf], - ■ ■ , (fii, - ■■ , <fis< ^i,--- , ^k)- Then a neighborhood 
of ["^o-, p\, - ■ ■ , Pk] in ^g^k can be parametrized by the following neighborhood of X oo: 

Auf^f ' 

where Vdeform,a- is a small neighborhood of in Yl-^.is staWe C^*'"^"^*- and 

Vresol,tT — ©z is nodal point([7"o, °°] X 5 

Vdefonn,cr ^nd Vresoi,cr are the deformation domain and resolution domain respectively. Now 
a uniformizing system of (£0- in -^^.livCy) is given by 

^deform,<r ^ ^res<?/,(r 

Autd ■ 

rig 

So for each data (y, ^ € Vdeform,cr ^ ^resoi,cr^ we can obtain a nearby curve (£y^^ e ^g^^^wiy^- 
They are also Aut(cr)-invariant, i.e., for any g e Aut(cr) we have g ■ dy.f - ^g-cy-.o- 

Now we begin the construction of the Kuranishi neighborhood of [Co-, Uo-] in -^gxwW- 

The approaximation solutions. Note that there are some parameters used in the neigh- 
borhood of a nodal point. They are fixed numbers Tq, Tq, t which have the relation 
7^0 < lOTo < f. Recall the meaning of these parameters: Tq gives the range of the 
gluing parameter ^j. = (s., 6^) e ([Tq, 00) x S ^). The supports of the derivatives of the 
cut-off function y6, m which are used to define the perturbed Witten map is in [Tq, Tq + 1] 
and in [STq, 9Tq] respectively. T appears in the definition of the neck region Nn,z{T) = 
([f , r^"] X 5 ')v U ([f , rf] X 5 where i;"^ = {s",, 6,) is the gluing parameter and s"^ = 2T'J. 

Now we define some sets near a nodal point z. Let 1/2 < (5 < 1. Take the gluing 
parameter = (ij. = 27^, 6^) and > 4t. 
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N,Xm = m-6)T„T,]xS\ 
N,i6,T,)=N,,i6,TJUN,^iS,T,) 

N,{6, T„ oo) = ([(1 - 6)T„ oo]xS\u ([(1 - S)T„ oo]xS % 
N,{T„ c«) = ([T,, c«] X 5 U {\T„ c«] X 5 % 

Notice that ([^ , ^ | x 5 i)y U ([^, ^] x 5 is the gluing domain. We can take 
to be sufficiently large such that Kgi,st is disjoint from the gluing domain but contains the 
definition domain of jS, vj. 

Take a section e C^C^o-, jSfi) x • • • C^C^o-, ^f); we want to define an approximating 
section (papp.y,^ on the nearby curve £y_^. We will only modify the solution ^^-^ near each 
nodal point z. So without loss of generahty, we assume that has only one nodal point z 
connecting the components '^v and Assume that ^v(oo) = x = ^iJoo) (under the same 
rigidification, i.e., viewed in C^). 

Let [is be a smooth function satisfying 



|0 ,//i<0 
\l ,ifs>6. 
and IVySal < C/5. 

Let (Sy, ^v) and {s^, 9^) be the cylindrical coordinates of the two components respec- 
tively. On the gluing domain of '^^y.f they satisfy the relation (sy, 0y) = (s,, 9J - (s^, 6^). 

Define a section (f>app,y,( on 'rfy^^. When outside the gluing domain in 'rfy^^, 4>app,y,( = 4>- 
On the gluing domain, we define 

4>app,y.dSf„ 0^) := ^^(S^, Of,) + (1 -M^^^)Myi2T, - s^, 0, - 0^) - X) 

^ z 

in the /z coordinate or in the v coordinate in the following form: 

4>app,yZ^Sy, 0y) := 0y(5v, 0y) + (1 - Ps{^^^)){.<l>^{2T, - Sy, 9, " ^v) " «) • 

^ z 

One can show this section is well defined since on {r^j x 5 ' there holds ^app,y,iisy, 0y) = 

(/>yiT„ 0y) + <I>^{T„ 9,-0y)-X = 4>app,y,dSf,, Of,). 

Define 

Gluey^^i^) := (pappj,^- (124) 

Glucy,^ is a map from CC^^) to C^C^v.f) or from L^C^cr) to L^C^y.^). 

Let Ucr be a solution of the perturbed Witten equation (W/)^^(u) = 0; we can obtain the 
approximate solution Uapp,y,( = Gluey^^iu). 

If we consider the map Gluey as a map between Sobolev spaces we have the fol- 
lowing lemma. 

Lemma 5.3.1. Assume that ^ e Vi„ap,<T- For any s,0 < e < I, the following holds for 
sufficiently large ( and sufficiently small y: 

(1 + £)ll^llL^(<r,) > \\Gluey^m\L{i^,,) > (1 - <s)my^i<€^y (125) 

Proof It suffices to prove it on one component near a nodal point z- Since ^ e Vmap.a-, it 
satisfies the equation 

Da-iWIM) = mod Ea-. (126) 
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Note that when ^ is sufficiently large, the gluing domain does not intersect Kobst- So in 
NziS, T, oo), we have 



DJWI)(4>) 



j 



du\duj 



du^duj 



= 0. 



(127) 

Note that all the sections here are smooth orbifold sections. Let e, be the basis of ^ and 
let Ui, (pi be the coordinate functions of m,, (pi with respect to this basis. If we take the trans- 
formation u<r = (Mie-®r(''+'''>), ■ ■ ■ , fiive"®" *'^''") and = (0ie-®r(''+'»), ■ ■ ■ , ^^^e"®" 
then the equation ( 11271 ) becomes the equation on the resolved VK-curve 



S + 



du I duj 



,d\'^\^(l>N + 



= 0. (128) 



By the analysis in Section 6.4, we know that 0,e®^*'+'*^ and any of its derivatives are of 
exponential decay. This just means that 0, and its derivatives are of exponential decay. 
Thus for sufficiently large we have 



\\l!AN-(6J,<x,)) 



(129) 



Since <papp,v.i: = in ^ \ N,(6, TS), for sufficiently small deformation parameter y, we 
have 

E s 

(1 - ■j)M\L'l{'g,\N,S&,T,M) ^ \\<f>app,y,(\\L';(%,(\N,(d,T,)) ^ (1 + 2)ll^lli.i'(K\A',-(a,r;,°°))- (^^0) 

On the other hand, we have 

\\4'app,y,(\\L';{N,(S,T,)) = \\4'app,y,(\\D' + W 4>app, y.^W LP 

^ ^IWlD'iN.iSJ^c^)) + 4'\\D'(N,{S,T„ca)) + '2-\\^P5 — 4'\\LP(Nr(S,T,„oc)) 

z 

By ( |129t . we obtain for sufficiently large ^: 

e 

Mapp,y,(\\L';(NMT:)) ^ 2^W\l';(V^)- (131) 

Combining the results ( |130t and dOll l. we get the conclusion. □ 

Obstruction bundle on "^v.f • The deformation map from "^o- to '^y.f provides a bundle iso- 
morphism when restricted to the domain Kobsi'- 

Qyi ■■ X,-(i^>® A°''k„,„) ^ X,.(^-,,,f ® A°''|if„,J, 

which induces the isomorphism of sections: 

: c°"(/:„to,x,(if;>® A^-'i^^,,,,)) ^ c°"(/:„,,„x,(^-,,,f ® A'"k„.J)- 

Since the support of each section in E^r is contained in Kobst^ we define Ey^i^ \- QyjiEa). 
Set Dy,f(W/) := Du^ ,f((^^).v,f)- Our aim is to find the solution of the following equa- 
tions: 



£'y,f(W^/)(</>) = mod E- 



(132) 
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Lemma 5.3.2. Let (f> € Vmap,cr; then for sufficiently large ^ we have 

o Glue,4(l>) - 0,,^ o D^{WI)mD'(^..,) < C(\y\ + ^ + ^-^"^OII^IIlJck.,), (133) 
where C is a constant depending onUo-,6 and the decay exponent 5q which is from Theorem 

Proof. We discuss the integral on "^^^ \ N^id, T~) and on A^;(i5, T^) respectively. For sim- 
plicity, we write the operator as 



Dy,({WI){4>) := 5v0 + A(ii,pp,y,^,y) ■ 4>, 

where A(Uapp,y.(,y) is the corresponding matrix depending on Uapp,y,( and the deforma- 
tion parameter y, since the metric -preserving isomorphism /i also depends on y which is 
induced by the W-spin structure. This shows that the operator only depends on the de- 
formation parameter if the resolution parameter is sufficiently large(because the function 
m = \ for large f). 

Let and represent the v and /i component of ^. On Nz{6, T^) we have 
\\Dy,^(WI) o Gluey,^(<f>) - 0\\LnN,is.Tj) 



= \\dy(,l>, + (1 -Ps)(l>^)+A(Uapp,y,(,y) ■ ((/>, + (1 - /3s)<P^)\\d' 

< \\0y - d^)<p, + (1 -mdy - d^)(l>p\\ + Wdyil -I5s)(l)p\\ 
+ \m\Xapp,y,(,y) - A(u, (t)){<P, + (1 -l5s)<P^)\\ 

< CMIIV^Ib, + ^UWl. + {\\A{uapp,y,^,y)-A{n,y)\\ + ||A(u,y) - A(u,cr)||)||0|b 

<C(|3'| + ^+e-'^°^0ll^llL^ (134) 

Here we have used the definition of \iapp,y,i and the property of exponential decay of u on 
[Tj, oo) X 5 ^ when T, is large enough. 
On "^y^f \ Nz(6, T,), we have 

\\Dy,^(WI) o Gluey,((<l>) - 9y,^ o D^{WI)m\m%:MT,)) 

< WiDy^iiWI) - DJWI)m + 11(7 - 0y,ODAWI),p\\ 

< C(\y\ + Y)Mh';- (135) 

Combining the above two inequalities, we obtain the result. □ 

Existence of right inverse and its uniform upperbound. Let Vy^i; — (Dy_^(W/))"'(£'y,f). De- 
fine ^ to be the complementary subspace of iSy ^ and V[, ^ to be the complementary sub- 
space of y,. f . To solve the equation (I132l l is equivalent to proving the existence of the right 
inverse of D,.,^(W/). Define a map 

Iy,i : LP{%,^, Xi{^i,y.( ® A^-'C^..^))) ^ LP{^^, ^ii^^ ® A^'^Cr^))) 



as 

'q-i 



0-io0(z) , //ze'r<,\A?,(r„cx,) 
0, // z e A^,(r„ oo). 



We claim that the composition map Q'^pp^.^ '■- Glucy^^ o Q,^ o 7,,^ : ^ is an 

approximating right inverse of Dyj;(WI) : ^ E'^.^ This is known from the following 
lemma. 
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Lemma 5.3.3. If the gluing parameter { is sufficiently large and the deformation parame- 
ter y is sufficiently small, then 

\\Dy,^{WD o Q'„pp^J<l>) - < \\mD'(%,y (136) 

Proof. Note that ^ - 6y^^ o Do-(W/) o o we only need to prove that for i// - 

Q(T ° Iy,({^) the following inequality holds: 

o G/Me,,f(iA) - 0v,f ° DAWmmu < C{\y\ + ^ + e-^^^OIIiAlli';- (137) 

Now the proof is the same as the proof of Lemma |5.3.2| while observing that 

DAWI)(ilf) = 

on([r-,(i +5)r-] x^i). □ 

This lemma implies that the right inverse Qy^^ exists and Qy^^ - Q'^ppyi^ ° iDy^^(WI) o 
Q' .)"'■ 

Now it is easy to obtain the following lemma. 

Lemma 5.3.4. For sufficiently large ^ and sufficiently small y, has uniform upper 
bound: 

\\Qy^\<Ci. 

Kuranishi model on Define the map Fy^({<p) :- WIy^i;{Uappj,( + </>) ■ L^C^y^^, XjJ^'j) — » 
L''{'^y,(, Xii-^i ® a" ')). We want to apply Lemma l5.1.8l to the nonlinear operator Fy^^ and 
hope to get a Kuranishi model centered at Uapp,y,(- 
We have 

F,,f(0) = WIy,((Uapp,y,(), DF,,((0) = Z)u„„,,„((lV/),,^) = Dv,^(W/). 
Let G,,^(^) := Fy,(((^) - ^,,,-(0) - Z)F,,f(0)^. 

Define the projection maps Pe^.^ '■ U'i'^y^i;) — > ^ and Py^., '■ L^C^-,^) V', ^. We need 
two lemmas when applying Lemma |5.1.8l 

Lemma 5.3.5. For sufficiently large ( and sufficiently small y, we have 

o F,,^(0)||z.. < C(\y\ + ^+ e-'o^^)\\uh';. (138) 

Proof. We have 

° i^.y,f(0)|b < \\WIy,((Uapp,y,() - WIAu)\\u, 



= \\dyUapp,y,( + B(Uapp,y,(,y) - d<rU - B(u, a-) 



where B(u, cr) - {h{—^;^)j ' " i ^i(~^^~)) a f-dimensional vector. 
Then using the decay property of u on [T,, oo) x 5 we obtain 

\\Pe., o Fy,^(0)h„ < C(\y\ + 1 + e-'o^^)\\uh';. 



Lemma 5.3.6. For sufficiently large ^ and sufficiently small y, we have 

\\Pe,., o Gv,f(0i) - Pe,, o G,,f(^2)IU" < C2(II0iIIl'; + ll^zllLiOll^i - ^zIIl?. (139) 
where C2 depends only on u. 
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Proof. This is a direct computation for which, among other things, the Sobolev embedding 
theorem and the interpolation formula of U spaces are used. □ 

Now the hypothesis of Lemma lS.l.Sl is satisfied by Lemma l5.3.41l5.3.5ll5.3.6l Therefore 
we have 

Lemma 5.3.7. Take y small enough and ^ large enough. Let C\, C2 be the constants from 
Lemma 15.5.41 and Lemma 15.3.61 respectively. Choose < r < ^ and let t/y,^ (r) be a 
ball centered at the origin with radius r in L^C^y^^). Then for any <p € Vy^f n Uy,((r), there 
is a unique v'(^) e V'^, ^ n Uy^i;(r) such that Fy^^(^ + v'(4>)) € -Ey.f- On the other hand, for 
any ^ € f/y_^(r/||/ — f'v,.(ll) such that Fy^^(j>) e Ey^(, there is a unique (f> e Vy^^ such that 
4> = 4>+v'i0). Define^'y,( : 4> <p+v'(4>), and let Sy^^ : Vy^^CS^-HUy^^irjWI-PvJl)) £y,f 
be defined by Sy^((ip) := F(^+v'(^)). Then (Uy^((r), Eyi^, Sy^^,^yf) forms a Kuranishi model, 
where iy^^ , ^Py^^ are continuous and *Py_^ is a one to one map. 

Kuranishi neighborhood at ((£0-, Uo-). Now we know that starting from the point cr - 
((£0-, Uo-) in the interior of./#j,^, ,^(7, x) we can construct the Kuranishi model (t/y,f(r), Ey^^, Sy^^, ^y,^) 
on any nearby curve (£y To construct the Kuranishi neighborhood, we only need to con- 
struct a family of isomorphisms rjy^^ : Vmap.a- — > Vv,f with uniformly bounded norms. For 
e Vmap,a-, wc define 

77y,f(0) = Gluey,((4,) - Qy,( o Dy,((WI) o Glue y,^{<l>) . 

Lemma 5.3.8. For sufficiently large ( and sufficiently small y, riy ( is an isomorphism. 

Proof. By Lemmas l5.3. lll57J!6l there exists a uniform constant C independent of y, ( such 
that 

\\%,m\L'; < cm\. 

On the other hand, we have 

\\%.mL'; >\\Gluey,((mL'; - \\Qy.( ° (Dy,((WI) o Gluey,((4,) - 6y,( o 
>{l-s)m\\L^^-Cs\\(l>\kr, 

where we have used Lemma [5.3.21 and 15.3.41 Hence if the parameters (,y satisfying our 
requirement, rjyj; is an isomorphism. □ 

For convenience, we identify the gluing parameter space Vrcso/.o- with a small neighbor- 
hood of Hz is nodal point C, by the map e-\ 

Before formulating the main result, we have to consider the action of automorphisms of 
curves. Because of the existence of unstable soliton components, the automorphism group 
is of positive dimension. It is complex 1 -dimensional for each unstable component. For 
example, if (R x 5 Uj, j,) is a soliton component (non-BPS soliton by assumption), then 
the field As-^+Ag-^ generates the automorphism group, the transition group. du( j-,), du(-^) 
generates a complex dimension 1 subspace in Vinap,,T- 

To eliminate the action of the transition group in the unstable component, we use a 
normalization technique used in IFOI . 

We add one Neveu-Schwarz marked point Zv with the trivial orbifold structure (i.e., the 
group action is given by exp27r/) in the unstable component (R x 5 ')v such that if there 
exists a map in Aut(cr) that maps a unstable component "^y, to ^y,, then this map will send 
the extra marked point Zv, to Zv2- Let Zq = {z[, - ■ ■ be the set of extra marked points on 
^o- chosen in this way. We can also assume that these marked points are chosen such that 
Uo- is an immersion near these points. 
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For each new marked point z'^ take an {2N - 2)-dimensional disk 'S^:^ in C'*' which is 
transversal to im(u) at u(zp. We assume that ^g.^' = '3^, when and g ■ z'j are marked 
points when g € Aut(cr). 

Define the parameter space: 

Theorem 5.3.9. Let (Co-, Uo-) be a non-BPS soliton W -section in ^ ^ ^ 

Vdeform,cr X Vresoi.cr be Small enough such that for any (y, e Vdeform,<T X VresoiM (0, 0) = cr) 

the operators rjy i^, Sy^^, ^y i^ are well defined on (£y_^. Define the set 

= ^{y,0<^V,,f„r,n.^XV,,,„iJ<l>\Fy,((4>) £ ^J.^, 1 1 01 1 L^'Cg',,,; .X,^) ^ ^ ■ 

Define the map ^'cr :Y% ^ by 
and the map So- : — > Ea- by 

Then for sufficiently small r > 0, we can obtain a Aut(cr)-invariant open neighborhood f/^ 
of which is contained in such that when restricting to the domain f/^ the following 
conclusions hold: 

(1) *Po- is an Aut(cr)-equivariant continuous map, which is one to one and onto its 
image, and for fixed (y, (), ^(y, ■) is a homeomorphism. 

(2) The map s^- : V^/ Aut cr — > E,j-/ Aut(cr) defined by its lifting map So- is continuous. 

(3) Define a closed set in V^' 

^a-iy, 4>)(z'i) is tangential to , Vj = 1, ■ ■ ■ , /). 

Then there is an Aut(cr) action on V^ap o-> '^"'^ '/ Ua- - U'^ C\ V^^^.o-' ^a- 

induces a homeomorphism between io^'(O) C Ua-I AvXcr and a neighborhood of cr 
in a branch containing cr in ^ ^ ^ iy(7, 

The data (Ua-, Eg-, Sg-, ^ a-) forms a Kuranishi neighborhood of Uo-) in ^ w(7^^) of 
real dimension 6g - 6 + 2k - 2D - 'Zi'i=i ^y,> where D — cw(g — 1) + 2t '(Tt)- 

Remark 5.3.10. The closed set V,'„opo- ^ is actually a fiber bundle over Vdeform.a- X 
Kcso/,o- and each fiber is homeomorphic to the fiber at zero. 

Proof. Since in our construction of ^y_^ and Ey^^, they can be required to be Aut(cr)- 
invariant, so the operators 6*, ^, //y,^ , iy ^, *Py ^ can also be required to be Aut(cr)-equivariant 
maps. Thus So-, ^Fo- are Aut(cr)-equivariant continuous maps. Continuity comes from the 
implicit function theorem, Lemma lB.l.SI Furthermore, V/^^^^ ^ is an Aut(cr)-invariant closed 
set. The dimension is given by Theorem lS.l.ll 

We need only to prove that indeed induces a homeomorphism between (0) n 
Ua-I Aut(cr) and a neighborhood of cr = ((£o-, Uo-) e g.k.w^y^ 

First we prove the injectivity of when restricting to i^:' (0) n U,j/ Aut( cr). 

Denote cr' = C^^, (Z^, Z^)) e ^g,k+l- We remai'k that Vdefonn,a- = Vdeform.a-' ,yresol,a = 

Kc.so/,iT' and there is an open embedding 

y deform,^ X V^-g^o/.o- ^ defonn,a'' X V/-^5o/,(T' — ^ 

AutCr^sCz^^z^)) " AutfC(z<„zg) ^ 
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Let yo - ®visv, Ov) be a transition moving any point (s, 6) on the component (Rx 5 ')v to 
{s + Sv,0 + By). We can define an action yo ■ {^^a, i^'o-, Zy)) = C^yo-o-' (^a-, 70(20))), i.e., fixing 
the marked points in stable components but moving the extra marked points Zq by 70 • 

Similarly, we can define 

70 ■ (^v,f > (Ztr, Zq)) = f4„.5.^),(z^,ro(Zo))). 

Here one has to do some small modification such that the transition fixes the gluing domain 
and only moves the interior points of the unstable components. 

If 70 is small enough, then the action of 70 will induce an action on Vdeform,cr x Vresoi,a-- 
This action is described in BFOL and we follow their description. If 70 is small enough, 
the surface %,f,-(j,0 is stiU in the neighborhood of C^a-, (Zo-, Zg)) e ^g,k+i' hence there 

exists {yo, fo) G Vdeform.a-' X Vresol,o-' = Vdeform,a- X Vresol,CT SUCh that (^y„.(v.,f), (Zo-, 7o(Zo))) iS 

equivalent to C^o.f,,, (Zq-, 7o(Zq))). This map is unique modulo the finite group 
Aut(('r,.„,f„, (z^, 7o(Zo)))). We define 70 ■ (y, := (yo, (0). 

Now assume that there are (y',^', </>'), {y,(,^) e So-'(O) ^ ^a- such that C^.^ , Uv,^,^) is 
equivalent to C^v'.f' Uy.f,^'), where Uv,^.0 = VLapp,y,c + "^Ay,!^,^) and My,^',^' = \iapp,y',C' + 
'^criy' ,(\^') are assumed to be solutions of the perturbed Witten equation Wly^n) - 0. 
So there exists a biholomorphic map 7 : "^y^^ — > "^y-.f such that VLy,^,^ - 7 ■ ^v,^',^' ■ We want 
to prove that 7 e Aut(cr). Now we have C^y.f , (Zo-, Zg)) e ^g,jt+; and 7 ■ (^^y,f , (Zq-, Zg)) = 
("4',^'' (^t^' T ■ Zq))- So C^osf), (z<r, 7 ■ Zq)) = C^^f, (z^, 7 ■ z,',)). we can take y-"" e Aut(cr) 
such that 7j^' ■ 7(zp is close to z'., for / - 1, ■ ■ ■ , /. Then there exists a unique 70 = 
®y(sy,6y) such that (^^-i^^.^^,), (z,^, 77V(Zo))) = C^otv.O' (^^r, 7o ■ (Zq))) modulo the group 
AutC^^o-, (Zo-, Zq)). Therefore 7j"'7 - 70 and 71 ■ 70(3',^) - (y',C)- We claim that 70 = 1 
under our normalization choice. In fact, from the relation 

Uy,(4 = 71 ■70(Uv',f',f ) 

we have at the extra marked point z'j 

uAz'j) - uAyi ■ 70 ■ z'j) = 71 ■ 7o(^^(y , r , 4>')) - 'i'Ay, 0) 
= ^'Ay, f , 71 ■ 7oi<f>')) - "VAy, ^, <f>') + Ci'Ay, f , <l>') - "VAy, </>))■ 

Now if we consider the projection to the perpendicular direction of f^--, we find that the 
term in the last bracket vanishes. Since Uo- is assumed to be an immersion at z'j, so if our 
neighborhood Ua- is small enough, the projection equaUty holds if and only if 70 = and 
7i(0') = <l>. So we have proved the injectivity. 

We begin the proof of surjectivity. Suppose that there is a sequence ((£",u") — > (£, u) 
in f. (y(7, x), where (£, u) is a non-BPS soliton. To fix the neighborhood of non-BPS 
solitons in the moduli space, we add an extra marked point to each soliton component just 
as before. There is a sequence of parameters (y„, („) converging to zero as n — > 00 such that 

rig 

we have the convergence of the underlying rigidified W-curve (£" — > £ in ^^^1^(7). On 
the other hand, since the section u" converges weakly to u, if n is large then u" will lie in 
the tubular neighborhood of u. Hence there is a sequence of sections <p" e L'j'C^., ,^^, XjJ^'i) 
such that u" - Uapp,y.( + 0". Given arbitrarily small r > 0, if we can prove that ||0"||£p < r, 
then <p" will lie in the image of ^'a-. Since 0" converges to in the C°° topology outside 
the neck region, say N„,~(T), so we need only to show that ll0"ll£''(Ai,,,(f)) can be arbitrarily 
small for sufficiently large n. 
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In this case, we have (without loss of generality, we consider one nodal point and the 
two-component case) 

lim Diam(u"(A^„,,(f ))) = 0. 



T- 

Here N„,^{f) = ([f , ] xS\(J ([f , T."] x S i)^ and T," is a gluing parameter. 
On the neck region we have two equations: 



oyyapp,y,( - 2 = 



dui 



d{Viapp,y,( + 4> ) - 2 — = 0. 

When taking the difference of the two equations, we obtain the equation of < 



df + A ■ (f>" ^ 0, (140) 

where A is the coefficient matrix which is differentiable and all of its derivatives are 
bounded( Notice that the C™ estimates of any solutions are uniformly bounded). Since the 
diameter of the image u"(Nn^.(T)) is sufficiently small if T and n are large enough, the C" 
norm of <p" is uniformly small on the neck region. So the matrix A(Uapp_v,f+0") = A{Ua-+(p") 
will tend to A(u(oo)), which is a nondegenerate matrix. Thus, for large T and n, the ab- 
solute value of the eigenvalues of the matrix A(Uapp,y,( + </>") has uniformly positive lower 
bound. This means 0" have uniformly exponential decay, hence ||<^"||/,P(^ (f )) < r for large 

n and T. We have to fix 0" on an unstable component of (£. Since u" is close to u, there 
is another unique point z'J near zfj such that u"(zp - u„pp,y,f(zp is tangential to So we 
can redefine (f>"(z) = u"(z - z'j + z'J) - Uapp,y,(iz) on the unstable part. □ 

5.4. Interior gluing and orientation. 

In this part, we will glue the Kuranishi neighborhoods of the interior points of ^(y, x) 
into an open global Kuranishi structure. If our moduli space is strongly perturbed, i.e., 
there is no soliton W-section, then this gives a Kuranishi structure to the moduli space and 
hence obtains a virtual cycle by Fukaya-Ono theory if it is orientable. If the moduli space 
contains a soliton H^-section, then we need to define the Kuranishi neighborhoods near the 
boundary and then glue the interior Kuranishi structure with the boundary neighborhoods 
to form a global structue. This will be discussed in latter section. 

Since there is no canonical way to construct the Kuranishi structure, we will choose the 
obstruction bundle step by step and then patch up these charts by induction. Though the 
Kuranishi structure is dependent on the choice of such spaces, the virtual cycle is well- 
defined. We will use the partial order > in ^(7, x) defined before to do our induction. 

Let J. ,y(r; 7, x) be a minimal (and nonempty) stratum in ^ ^,(■y, x) with respect 
to the partial order >. Notice that this minimal stratum is not unique. 

Unlike the stratum in ^g^ic, ^ gi^i/t/{T;y,x) is not in general an orbifold. So we can't 
construct a universal orbifold obstruction bundle on it. We have to construct it in a more 
direct way. 

Let (t/o-, Eg-, Aut(cr), Sg-, ^F^-) be the Kuranishi neighborhood of cr e ^ ^ ^{y, x) con- 
structed in Theorem 15.3.91 such that (v) '(0) is homeomorphic to a neighborhood of 
cr e ^^ ^^^(r;7,*;). Let : s^\0) n Ua- ^ .^l ,^ ^y(r;y,x) be the restriction of "Po- to 
s^' (0) n Uo-- is a homeomorphism by Theorem |5.3.9l Since y^{T; 7, x) is compact, 
there are finitely many points t, in it such that the union of Clj. :- im ^FJ. n ^,{^^, 7, x) 
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covers ^ ^i^ ^r(r',7,x)- Assume Q.r, c 0.^, are closed subsets and their interior, also cover 

Fix a representative ((£t^, Ur,) e t,-, then we have the bundle En c U'{%-.;Xi{^^i ® 
A^'^C^T,)))- For a point ((£, u) near ^ ^(F; 7, x) in the big Banach bundle, we want to 
embed Ej. in a more canonical way in L^C^^, x,(^' i8> A^'-'C^^))). 

Definition 5.4.1. Let (£, u) be a point consisting of a map u e ^1 x ■ ■ ■ x and 

rig 

a W-curve £ e ^ ^ ^ h'(7)- u) is said to be closed to cr iff there exist a representative 
((£0-, Uo-) e cr, (y, ^) e Vrfe/orm.o- X Vresoi,(T and a biholomorphic map : ^ ^ '^a-,y,i such 
that 9 preserves marked points and is an isomorphism of W-structures, and u0"' is close to 
u,_f in the smooth topology on each irreducible components of '^cr,y.(, where (Gj,^ , u,,,^) - 
f , 0). This actually gives a topology on the space of "erturbed W-sections". 

Let ((£, u) be close to cr e Or,. By taking Qj, sufficiently small, we can obtain {y, e 
Vdeform,T, X Vrejo/i'.T, and an automorphism : (£ — > ^Ti.y,( such that 

sup |u^,^ o 6i(/?) - u(/?)| < fi (141) 

p 

So if E is small, we can use 6 to define 

emb,,^,e : Er, ^ C"'(^; xKi^i' ® A°''C^))) (142) 

Therefore the perturbed Witten equation we should discuss is 

(W/)(£ = mod e^enr, emb3,f,e(£^,,). (143) 

Remark 5.4.2. Note that if /3 is the cut-off section on £^ ^ which is used to define the per- 
turbed Witten map, then we use 0*/3 as the corresponding quantity to define the perturbed 
Witten map on (£. 

This means if ((£, u) is a W-section, then the obstruction bundle on it is ^uecir 
emby^^^g(Ej.) 

However, there is an ambiguity in choosing the embedding embv,^,^, because of the 
possible existence of unstable (soliton) components of (£. To get rid of the ambiguity, 
we choose a similar normalization condition as in (3) of Theorem 15.3.91 We choose the 
minimal extra marked points as done in the proof of Theorem |5.3.9l We also let Ut (where 
T is some r,) be an immersion near these extra marked points. 

For each new marked point p, take an embedded {2N - 2)-dimensional disk in C'^, 
which is transversal to im(uT) at Urip). We assume that ^^(p) = when p and (f>(p) are 
marked points , and (f) e Aut(r). We choose those 9 such that 

uo 9-\p)e% (144) 

Now there are only finitely many 9 satisfying jl44l l. which is Aut(T)-invariant and the 
action of Aut(T) is described in the appendix of IIFOI . 

Let emby,f : Et, -> C^Cif ; x,(Jf^- (g> A^-'C^))) be the average of the map embj,,;^,^ defined 
by: for s e Ej., 

— T—, . 2e emb,, ^,e(i) 
^'"^-^^^^ = |Aut(r,)| 
So the equation ( |143l l can be modified as 

iWI)ii = mod E>i (145) 

where E^ :- ©T,emb,.,f (£7,). Now the definition of the equation ( 1145b is independent of the 
choice of cr. 



WITTEN EQUATION 



69 



Using Theorem 15. 3. 91 we can construct for any point cr e ^(F; 7, *r) a Kuranishi 
neighborhood {Ua-, Eg-, i^-, ^a-) with respect to the equation ( |145t . 

We next construct the coordinate change. We choose {Ua-} satisfying the following 
condition: 

if p e im*F^ and if p e D.r,, then cr e Q^, (146) 

( I146I I is ti'ue since Q.^. is closed. ( I146I I implies if p e im n ^^^(T; 7, x), then 
Ep c Ecr- Hence if ((£, u) is a solution of (|145t for p with the condition (I144l i. then it solves 
(II45I 1 for cr. Thus we find the required embeddings (pa-p : Up ^ Ua and (j)a-p : Ep — > £0-. 
So {0CT-p) : (f/p,£'p, Aut(p), Sp,*Pp) — > (f/o-,£'o-,Aut(cr), So-,*l'o-) becomes the morphism 
defined in Definition |5.2.5l It is easy to check that those data construct a Kuranishi structure 
of ^ ^ J. ^(T; 7, x). By induction, we can assume we have constructed a Kuranishi structure 
in a neighborhood of those strata ^ gj^ ^^iT'; y,x) for F' < F. Now we want to construct 
the Kuranishi structure near ^ gj^y^{T;'y,x). We already have finitely many t, contained 
in some ^ gj^ ^{T';-y,k) with F' < F and maps : i^,'(0) n Uj^ — > ^ gj^ Y^{y,>e) such 
that ^ g f, ^,(^^, 7, x) minus the union of images of is compact. We then choose finitely 
many on ^. ^,(T^, 7, x) such that 

Choose closed subsets Q.j. c im , Q^- c im such that their interiors cover ,y(F; 7, x). 
For each cr e ^ ^(F; 7, we put 

Ea = e<ren,,, Er, (B (BaeSl,, ^t) (147) 

We use this space to define a similar equation to (1145b . and also requires that condition 
(11441 ) holds. So by the same argument used to study the first stratum, we can extend the 
Kuranishi structure to a neighborhood of ^ ^(F; 7, x). 

Finally we prove that the Kuranishi structure in the interior of ^ ,y(F; 7, *r) is ori- 
entable. To prove that it is orientable, Fukaya-Ono showed it is enough to show the tangent 
bundle is stably almost complex. The key point in their proof is that the symbol of the lin- 
earization of the Cauchy-Riemann equation is complex linear and the moduli space ^g^k 
is a complex orbifold which has a complex tangent bundle. Then they use a family of op- 
erators connecting the Cauchy-Riemann operator and its complex linear part and change 
the orientation problem of the Cauchy-Riemann operator to the orientation problem of its 
complex linear part. In this way, they proved that the Kuranishi structure is orientable. It 
is the same situation in our case. The linearization operator is only real linear, not complex 
linear, but the symbol of the first order term is complex linear. We can prove that the in- 
terior of our moduli space is orientable using their proof almost word for word. The only 
difference is that we don't connect our operator directly to d but to some complex linear 
operator having 0-order term, since the Sobolev spaces we use are based on a noncompact 
surface. The detailed proof can be seen in section 16 of fFOl 

Now if the moduli space ^,('y, x) is strongly regular; we have ^ ^ ^ y^iy, x) - 
gM.wiy^x)- By abstract Kuranishi theory, we have the following conclusion. 

— —rig 

Theorem 5.4.3. Suppose that the moduli space ^ ^ j. ^(y, x) is strongly regular, then 

rig 

g k w^y^ ^) ''^ compact Hausdorff space carrying an orientable Kuranishi structure 
{f/o-,£c7-, Aut(cr), Sa-,^a-} with (real) dimension 6g - 6 + 2k - 2D - 2^Lj Ny., where D - 
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cwig - 1) + Ht'CTt), where cw = - 2qi) and Lijr) = - qd- l-^ g,k,w(7'X)Y 

becomes the virtual fundamental cycle of its Kuranishi structure. 



5.5. Neighborhood around BPS soliton section. 

We always assume that there is only one group elment y e G such that the perturbed 
polynomial W^+Wo^y has only two critical points /c* such that Im(Wy+ Wo,y)(A:^) - Im(Wy+ 
Wo,y)(/f ). We consider a BPS soliton W-section ((£, u) in g,. yf{y,x). We say a nodal 
point p of ((£, u) is decorated by (y, k) if there exists a rigidification ij/p such that i//p{u{p)) = 
K. Note that the combinatorial type of this kind of soliton section is finite. Several cases 
may occur for a soliton W-section in ^ ^ ^ ^{y, x): 

(1) There is only one marked point decorated by {y,K^) and there is no nodal point 
decorated by (y, k^). 

(2) There is no marked point decorated by (y, k') and there is only one nodal point 
decorated by (y, k^). 

(3) There is no marked point decorated by (y, k~) and there are several nodal points 
decorated by (y, k~). 

(4) There is one marked point decorated by (y, k~) and there are several nodal points 
decorated by (y, k~). 

To construct the neighborhoods of BPS soliton sections of the above cases, we need to 
know more details about a BPS soliton u+_ G Sy{K^ ,k~). 

Kernel and cokernel of D^^ (W I). The linearized operator 

Du^_(W/) : L'liWxS \^i)x- ■ -xL^iRxS ^^n) ^ L''(]Rx5 \ ^i(8)A°'')x- ■ ■xL''(Rx5 ^at^A^'') 
is spUt into the direct sum of two operators: Da^_(Wr) = D^ (WI) e D^ iWI), where 
D^^_iWI) : L^(R X SKc'^r) L^(R xS\ C^y ® A°'') 

has the form 



and 

D^^ iWI) : L^(Rx5\^^*-'')x- • •xLf(Rx5\^'^) ^ L^(Rx5^^''^+'®A°■')xL^(Rx5^^'^®A0•') 
has the form 



Note that we have the decomposition W = Wn + according to the action of y. 

Proposition 5.5.1. Suppose u+- is a BPS soliton. If the perturbation parameters bi in Wo,y 
are sufficiently small, then the C° norm o/u+_ is also sufficiently small. 

Proof. Since (W/)(u+_) = 0, we have 

r°°vn diWy + Woy). 

RciWy + W0,y)iK-)--RciWy + W0,y)iK^) = J g^. I • 
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Hence if the perturbation is small enough, the integral of the right hand side is small 
enough, which implies that the pointwise norm |^^— ^|;^^^| is small enough. This is be- 
cause the C' norm of each section m, can be uniformly bounded by a constant which is 
independent of the perturbation parameters in Wo,y when all bt are less than 1 (cf. The- 
orem |4|2]9j. Therefore ||^| = \-^\ is sufficiently small. By nondegeneracy of W, the 
absolute value of each section m, should be sufficiently small. □ 

Lemma 5.5.2. If the perturbation parameters bi in Wo,y are sufficiently small, then the 
linearized operator D„ ( W/) is an isomorphism. 

Proof. If we set (^^v^+i, ■ ■ ■ ,<PnY and A^(i) (-20!-)^^+i<y<^, then 

Here ^ - s + iO and the matrix depends on u+_. Define matrices 

0^ = diag(0^^^„...,0P 

77(0A,) = diag(e"''''®V> , • • ■ , 

Then the multiplication 77(0a-) from L^(R xS\ ) x ■ ■ ■ x L^'(R xS\ to L^'(R x 

S\C^-^y) and from Li'{m.xS \^^y+^®lsP'^)xL<'{M.xS\^^®hP'^) to L''(Rx5 C'^"'^*® 
A*^"') are isomorphisms. The operator ri{&N) ° (WI) o 77(0^)"' is changed to the form 

■ +&N ■ +A^- which is a small perturbation of the operator ■ Since ■ +@n- 

is an isomorphism, then ■ +@n ■ +A^- is also an isomorphism by Proposition 15 . 5 . II if 
the perturbation parameters bj are sufficiently small. Thus we know that D^ {WI) is an 
isomorphism. 

□ 

Now we study the transversality of (WI). Define 

:= {(mi, ■ ■ ■ , UN^) e C"y\lm(Wy + Wo,y)(uu = Im(W^^ + Wo,y)(K^)] 

This is a real codimension 1 submanifold in C''* . 

Lemma 5.5.3. Suppose the BPS soliton u+_ to be a Morse-Smale flow on the manifold 
//+_. If the perturbation parameters bi in Wo.y are sufficiently small, then the kernel y+_ 
andcokemelE+- of the linearized operator D^^ (WI) : L^(Rx5 C'^^) L^(Rx5',C^?® 
A*''') are l-dimensional and are generated by u.s and /u., respectively. 

Proof Set ^« (4>u ■ ■ ■ ,4>N^f and A«(.9) (-2^^igi^)i<,-,<^,; then 

<_(W/)(^*) = + A%s) ■ 

By Proposition 15. 5. II the C" norm of A*(5) is sufficiently small if the bi in Wo,y are suffi- 
ciently small. Now it is a well-known fact in symplectic geometry that if the norm of 
A*(i) is small enough, then the kernel and cokernel of {WI) are the same as the kernel 
and cokernel of the operator 

(see the proof on Page 1038 of flFO) or llCZllOnl ). 

Since all the BPS solitons connecting a:^ and should lie in the hypersurface //+_, 
we have kevD^'^(WI) c L^(R, ul|__r//+_). Since we assume that u+_ is a Morse-Smale 

R ]R fill 

flow on //+_, ker D„' (WI) is just the 1 -dimensional space generated by the field On 



72 



HUIJUN FAN, TYLER JARVIS, AND YONGBIN RUAN 



the other hand, the dual operator (D^'^WI))* = -d, ■ +A«(i)-. It is easy to see that 
satisfies (Du*(W/))*(u) = 0. Therefore it generates the 1-dimensional cokernel. □ 

Let Hp„ra e C'*''' be the set in the parameter space of bj such that there exist two critical 
points and of Wy + Wo.y satisfying lm{Wy + Wo,y)(/f") = lm(Wy + Wo^y){K^). By 
Theorem l3.1.4l Hp^ra is a union of finitely many real hypersurfaces. 

Theorem 5.5.4. For generic points on H^pg^^, the kernel and cokernel spaces ofD^^ (WI) 
are just the l-dimensional spaces V^— and We can choose a Kuranishi neighborhood 
of(R X S\u+-) as ({pt}, s = 0). 

Proof. For generic points on H^pami the function -IReiWy + Wo,y) is a Morse function on 
//+_ such that u+_ is a Morse-Smale flow on //+_. By Lemmas 15.5.21 and l5. 5. 31 we finish 
the proof. □ 

Remark 5.5.5. The cokernel space £+_ can be generated by a compactly supported ele- 
ment in L''(R, u^_rC'*'''), since we can multiply the section /|j by a cut-off function with 
sufliciently large compact support. 

Now we begin the construction of the neighborhoods of BPS soliton sections case by 
case. 

Case (1). Suppose that = {x',k^). Take ((£i,ui) e ^ ^j^ ,j^{y,x) and a BPS soHton 
u+_ e Sy{K^,K-). Then (C:i#(R x 5'),ui#u+-) e 3#^ ,ny(r,*;',/f"). We define a map: 

Glue'^^ : .^^l i^ ^(y,x',K^) .£''gj^y,{y,x' , k') 

by 

GZwe™ (ui) ;= ui#u+_. 

Here we want to say words about the gluing. Note that u+_ is defined in space. To do 
the gluing, we firstly map Ui to C'^ by the rigidification and then do gluing in C'^ space. 
The obtained element inherits the same rigidification. 

By Theorem 15 .4. 31 we can give an oriented Kuranishi structure to each strongly reg- 

rig 

ular moduli space ^ gf,^(y,x). We repeat the procedures in the last section to con- 
struct the neighborhood of G/mc™ (ui). Let {Ua-,Ecr, Sa-) be a Kuranishi neighborhood 
of Ui in ^ ^i^^{y,}<' ,K^). By Theorem l5.5.4l we can take the Kuranishi neighborhood of 
(R X 5 \ u+_) to be {[pt], s = 0). Now we can use our gluing construction again: 

(1) Assume that Ua- = Vdeform,CT X Vre.wl.o- X V,„ap,a-- Let y8 € Vdefonn.a- X Vresol.a- and 

^ e ^^(O) e C. We can get the nearby curve . 

(2) Take the obstruction bundle E/s^i; - Eg- © £+-. 

(3) Use the implicit function theorem to construct the Kuranishi map s^^^ on Ua- x 
^^(O). Because of the S ' action, the "Kuranishi" neighborhood of the boundary 
point ((£i,o-#(Rx5 '), Ui,o-#u+_) is {{Ua- x [0, Ba\), Ea®E+-, where the length 
So- of the cone may depend on the point cr. We understand that the section Sa.i; 
depends only on the first coordinate of ^. 

Now we have the following lemma. 

Lemma5.5.6. Let {Ua, Ea, Sa) be a Kuranishi neighborhood of {^\,Ui) e .y^^i^^{y,x',K^) 

then (t/o-X[0, Ba], Ea®E+-, Sa,() is a Kuranishi neighborhood of Glue'^{\i\) in ^ 1^(7, x' 
There exists a sequence of smooth multisections Sa,(,n is transversal to the zero section such 
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that it converges to Scr,( in the C topology. For sufficiently large n, the zero set sJ^JQ) is 
diffeomorphic to s^^q„(0) X [0, s]. 

Proof. The approximating sequence of multisections io-,f,n is given by Lemma 17.4 in 
llFOl . ' □ 

Case (2). There are still two types of gluing operations called tree gluing and loop 
gluing in this case. 

Tree gluing. Suppose that g - gi + g2,k - k\ + k2,'Y - (71,72) - {xi^Xi)- 

Let(6;i,ui) G ^^'|;^,+i_n,(7i,7;«i,/f+),(e;2,U2) G ^^'2^,i2+i,w(r2'f"';^2,'f") and let u+- e 
Sy{K*, K-) be a BPS soliton. Then (G;i#(Rx5 ')#6;2), Ui#u+_#U2) is a BPS soUton W-section 

in ^\xw^7; x). We define the map from ^"f,i,+i,iv(7i ,f,X\, f^)x^^^r,i2+i,w*^'>'2' '■• ^2' '^") 
to .Mgj^ ^,(-y,x) to be Glue'^^ (u\,U2) := Ui#u+-#U2. 

Let A be a space; we define the cone based on A with length s to be Ce(A). 

Let (Ua;,Eij-i, So-.) be a Kuranishi neiborhood of (C£,, u,) for / - 1,2. Then (t/o-j x 

) is a neighborhood of Ui XU2. Let Ua-i = VdeformjX-VresoljXVmapJ- 

We can begin our gluing procedures: 

(1) The parameter space for the curves is Vdeform,i X Vresoi,i X V deform,! X Vresoia X 
Ds{0) X Di;(Q). We take a point (j6i,/?2, ^1, ^2), then we can get a nearby curve 
^/3i,/S2,fi,f2 6 ^y,/t,w(7). where/?,- G yd,/o™,/ x and (^1 x (2) e D^(0) x D,(0). 

(2) Set the obstruction bundle on 'i^,,;?,,^,,^, to be Eg-^ © Eg-^ © 

(3) From Ui, u+_, U2 we get the approximating solution Uappfi^,j3^,(,,(^. Use the implicit 
function theorem to obtain the Kuranishi map on Ug-, x Ug-^ x 0^(0) x 
^^(O). Here the radius of these domains may shrink. Since u+_ is 5 ' -invariant, 
the approximating solution is also S ' -invariant. Hence the moduli space we need 
should be modulo the S ' action. The S ' group gives a diagonal action to the 
neighborhood ^^(O) x ^^(O) while keeping the other parameter space fixed. We 
take the neighborhood CJS^) c DJO) x DJO). We have Cs(S^)/S^ = CJS^). 
Hence we obtain a neighborhood of the point Ui#u+_#U2 in ^. ^,(7, x): 

where depends on the point cri x 0-2, and [^1, ^2] is the element in the quotient 
space = CrJS^)/S^ c C x C. 

Using the same method as Lemma l5.5.6l we can chose a uniform e > for the Kuranishi 

structure on ^gi.^ti+i w(7i, % «i ,k^)x^ giM+hwij!^ 7"' ; ^2, k')- 
Similar to Lemma l5.5.61 we have 

Lemma 5.5.7 (Tree). Let iUg-i x Ug-^,Eg-^ © Eg-^, Vi © Vi) be a Kuranishi neighborhood 
o/(ui,U2) G ^^'f^_+i_n,(7i,7;*ri,Af+) x ^gf,i,+i,w(r2'r"';>«2,'f"). Then iUa, x f/^, x 
C£(5^),£'o-i © £0-2 © E+-, io-],cr2,[fi,f2]) Kuranishi neighborhood of Glue'^ (111,112) in 
^ gj^yf{'Y,x' ,k). There exists a sequence of smooth multisections Vi,a-2,[fi,f2],n which is 
transversal to the zero section such that it converges to io-i,o-2,[fi,f2] topology. For 

sufficiently large n, the zero set i^J ^^(0) is diffeomorphic to i^J qj ^(0) X Ce{S ^)- 

Proof. Since the cone Ce(S ^) is homeomorphic to a closed small neighborhood A^^ of R^, 
we can use the approximation theorem on the section io-i,o-,,[f,,f2] over Ug-^ x U,j2 x A^e. □ 
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Loop gluing. Let(£i,Ui) G ^ gi,+2,^,(j,y,y'^ ;>(, k+) and (RxS \ u+-) G 5''(/c+, /c_). 
Then we can glue , Ui) and (Rx^ ' , u+_) between the two marked points on (£i decorated 
by (y,K-) and (y"', ,a:+) to obtain an element in ^^^.^(y,;*). Denote this element by 
G/mCu^ (ui). In the same way, we have 



Lemma 5.5.8 (Loop). Let {Ua-^ , Ea-i , Sa-i)be a Kuranishi neighborhoodof^ gj^^2,w^'Y^ f'f ' ^ '<-<'<+)■ 
Then {Ua-i X Ce{S^), Eg-, © -E+-, 'Vi,[f,,f2]) Kuranishi neighborhood of Glue'^ (ui) in 
gi^-^{y,x' ,k ). There exists a sequence of smooth multisections Vi,[fi,f2],n which is 
transversal to the zero section such that it converges to Sa-^,^i^2\ ^ topology. For 

sufficiently large n, the zero set s~} „ , , „(0) is diffeomorphic to s~^ „, „(0) x C^iS ^). 

Case (3) The gluing operation will become more complicated because of the possible 
tree gluing and the possible loop gluing. Here we only consider the simplest gluing which 
does not contain any loop gluing. 

Let u'|__, i - 1, • • • , Zbe Z BPS solitons in 5^(a:^, k^). Assume that g - gi-^ ^gi+i,k - 

ki+ - ■ ■+ki+i and the index group {y,x) is divided into /+ 1 parts: (yi,Xi), ■ ■ ■ , (yi^i,Xi+i). 

Take(G;i,ui) g ^"f,fc_+i^(yi,y;*;i,A:+), (6:2,02) G ^"^^^^+2,H'(y2>y"^y;><2,'^",'f^), ■ ■ ■ ,(£;+!, u/+i) G 

A+i +i,w(r/+i . T^;xm, K^y, we can define the gluing map from ^'glki+uw(7i ,t,xi,K^)x 

■ ■ ■ ^ •^",!iA+,-n,H'(r/+i.r"^;'«;+i.f") to ^_^yy,p<) as 

Glueli (ui,--- ,u,+i) := ii£i#iRx S^)# ■ ■ ■mM,Ui#ul_# ■ ■ ■#u[_#Um). 

Similarly, we have the following conclusion. 

Lemma 5.5.9. Let {Ua-i x • • • x f/o-,^; , £o-| © • • -©^o-j+i , So-, © • • •© *o-,+i )bea Kuranishi neigh- 

borhoodofiuu ■ ■ ■ ,u/+i) g ./^f,jfcj+iyyi,y;*ri,A:"')x- • -x^l.^kM+hwiyM^y'^'^^d+uK-). 
Then (Ua-i X • • • X f/o-,^; x 

Ce(S^)xCe(S^) „ ^ ^„ £+_©•••©£+_ . 
^11 — — — — i, £0-1 ® • • -©^^o-j+i ®- •Sc7-i,-,o-,+i,[fi,f2]i,-,[fi,ft]() ^-s « Kuranishi 

neighborhood ofGlue'^^ (ui, • • • , U;+i) in ^gxw(7' There exists a sequence of smooth 
multisections V,, ■•,(T,+i,[^-i,f2]i, •,[fi,ft](,n "which are transversal to the zero section such that it 
converges to Vi, ■•,o-/+i,[^i,f2]i, ■■,[^1,^2]/ topology. For sufficiently large n, the zero set 

SZ} „ ,r r^ ir r ^ „(0) is diffcOmorphic tO SZ.^ ^ ,n m mm .,(0) ^ f'^^^ CgjS ) 

Case (4). Like in Case (3), we only give the description of the simplest treegluing. 
Take the same notations as in Case (3) except that we require 

U/+1 G ^"f^,,t,^,+2,w(y;+i'r',r;>«/+i,'f">'f^)- 

Let vil^}_ g S^'iK^ , kT). Then we define the gluing operation: 

GZm<^ (ui, • • • ,u,+i) := GW™^,((GZm<, (ui, ■ ■ ■ ,u,+i))). 

Lemma 5.5.10. Let (Ua-iX- ■ -xUo-m ' ^o-i ©■ ■ ■©^o-f+i > Vi ©• ■ ■© )bea Kuranishi neigh- 

borhoodofiuu ■ ■ ■ ,U/+i) g ^glki+i,w(ru%XuK^)x- ■ -X-^Zuk^i+uwirM^f'^^Xi+uK-). 
Then (Ua-, x ■ ■ • X Ua-,^, X 

C,(S^)XC,(S^) ^ £^-©- - -©£^- ^ 

. ^ . X LU,eo-J, to-i ® • • • ® to-,^; ® Sa-^,-,a-M,[(iA]w-MiA]i,(M) 

I M 

is a Kuranishi neighborhood of Gluef^i (ui, • • • ,U;+i) g ^ g ^. T^{y,x' ,k~). There exists a 
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sequence of smooth multisections ia-i,-,a-,+i,[fi,f2]i,--,[i'i,i'2]/>ft+i.n which are transversal to the 
zero section such that it converges to io-i, ■■,o-/+i,[fi,f2]i,--,[fi,f2]/,^/+i ^^e C° topology. For suffi- 
ciently large n, the zero set i^;,..,^,^,,[f,,f,],,..,[^,,f,],,f,^,,„(0)wt/;yeomorp/!/cfoi;|...^^^^ 

Definition 5.5.11. If the BPS soliton section ((£, u) e ^ ^ ^ (^(7, x) satisfies Case 2 or Case 
3, we call it a cone point in ^ gj^ y^{-y,x). 

By Lemma I5.5.71 15.5.81 and Lemma 15.5.91 we know that the cone point also carries 
a Kuranishi neighborhood and hence is actually an interior point of the moduli space 

Tlieorem 5.5.12. Suppose that the moduli space ^ ^ ^r{'y, x) is regular but not strongly 
regular Then we have the following conclusions: 

(1) if('y,x) does not contain the pair(y, k^), then ^ ^{y,X^ is a compact Hausdorjf 
space carrying an orientable Kuranishi structure. Its (real) dimension is 6g — 6 + 
2k — 2D — Ny., where D - c-^^g — 1) + YjT'-ijT)' where cw - 2/(1 ~ 2q',) and 

(2) ifiy, x) contains the pair {y, k^), then ^ ^ ^ w^J^ ^) compact Hausdorjf space 
carrying an orientable Kuranishi structure with boundary. Its (real) dimension is 
6g — 6 + 2k — 2D - 'Z!i=i Nyi> where D is given as above. The boundary points 
consist of those BPS soliton W -sections satisfying Case (1) and (4). Their neigh- 
borhoods in ^ w(7^ '"'^ characterized by Lemma 15.5.61 and 15.5.701 The 
boundary of ^ g f, ^^(7, x) together with its Kuranishi structure is dijfeomorphic 
to that ofZ£lj,^(y',y-\x',K^)#(SHK+,K-)/W)^\ where (ST'(k^,k-)/R)^' is the 
S^-invariant set 0/ (5 ^(/c^, i.e., the geometrical set of BPS solitons con- 
necting and kT . 

Proof. Proof of (1). ^ ^ 1^ ^yiy, x) is a compact Hausdorff space, which is proved by Theo- 
rem l4.3.1l It is a stratified space stratified by the partial order >. Note that the decoration 
(y, ) may still occur at some nodal points. The minimum strata are composed of soli- 
ton sections. To construct the Kuranishi structure of ^ ,^,(7, >«), we first construct the 
Kuranishi neighborhoods of those soliton W-sections. If the soliton section is a non-BPS 
soliton, then we have already constructed its neighborhood. If the soliton is a BPS soli- 
ton section, then its neighborhood has been constructed by Lemmas |5 .5 . 81 153^ and [53791 
Subsequently, we extend them to the interior part of the moduli space. We use the glu- 
ing method described in the last section to get a global Kuranishi structure. Notice that 
those cone points are also interior points of the moduli space. The dimension is given by 
Theorem |5.Ll| 

One can argue as in Section 15.41 that this the Kuranishi structure is also stably almost 
complex and hence is orientable. 

Proof of (2). In this case, the moduli space ^ gii-w(y,x) is a compact Hausdorff space 

with boundary ^ ^j^y^iy' , y^^,x',K'^)#{S^{K^, k^)/R)^\ Boundary points consists of those 
BPS soliton sections satisfying Case (1) and (4). To construct the Kuranishi structure 
with boundary over ^(7, x), we begin our construction of neighborhoods of the 
cone points and the boundary points. Neighborhoods of cone points are constructed by 
Lemma |5. 5. 81 15.5.71 and 15.5.91 By (1), we can choose an oriented Kuranishi structure 
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{(Ua-, Eg-, Scr)} of ^g^ vKCy' '''' '^^) ^^^^ that the induced orientation of kuranishi structure 
{(Ucr X [0, Sa-],Ecr © £+-, ^cr,f)) IS Compatible with the orientation of the neighborhoods of 
the interior points. After construction of neighborhoods of these special points, we can use 
the same gluing method shown in Section \5A\ to build an oriented Kuranishi structure of 
the whole moduli space. □ 

6. Proof of the axioms 
6.1. Virtual cycle and quantum Picard-Lefschetz theory. 

rig ^rig 

In this part, we will define the virtual cycle [^^j. 5^(7, >«)]''" in Ht(^ ^ ^,('y)) which 
is given by its oriented Kuranishi structure. The Kuranishi structure may depend on many 
choices, but we will show that the virtual cycle depends only on g, k, W and the Lefschetz 
thimbles and is independent of the other choices used to construct the Kuranishi structure. 
The interesting thing is that we can see another version of Picard-Lefschetz theory at the 
level of moduli space. 

Let yj/ij, x) be a strongly regular moduli space, then by Theorem l5.4.3L '#,,/, ^/f{y, x) 
carries an oriented Kuranishi structure {(C/o-, £0-, ^o-))(even almost stably complex). By 
Theorem l5.2.11l the section Sa- can be perturbed to a transversal smooth multisection [sa-] 
such that Uo-i^'(O) forms a cycle which is independent of the choice of the perturbed mul- 
tisection {Sa-]- 

We define a map 11 ; ^''lk,w^y,>t) ^",1,^(7) by 

[((£,u)]^ [((£)]. 

— —rig 

Note that n is a system of map germs flo- : f/o- — > ^ g^i^^w^y)- 

It is easy to see that this map is strongly continuous. By Theorem l5.4.3l and Theorem 
15.2.1 II we have the following definition. 

Definition 6.1.1. We define the homology class [3#gt v(,(7, «)]"''■ := [ncrHO))] e ^.(3^1 
Its (real) dimension is 6g - 6 -H 2/t - 2D - ^ti A^y, = 2((cw - 3)(1 -g) + k- 2^=1 jCTt)) - 
T!l=\^yi- Furthermore, if F is a decorated stable W-graph, then we have the homol- 
ogy class [J^^gj^yf{T;y,}<)T'' := [n(sp'(0)))] e H,(.y^^gl ^,{r;y)) where sp is the per- 

^rig 

turbed multisection over the Kuranishi structure of ^gj^^^iF; y^x). Its real dimension is 

6g-6+2k-2Dr-Y,U Ny-imT) = 2((c^-3)(l-g)+^-2:,,r(r) iiyr)-mT))'Y.U Ny„ 
where ^(F) is the set of edges of F. 

For each 7 € G, we have a perturbed polynomial Wy + Wo,y, where Wo,y is assumed 
to be Wy-regular. Recall that W()_y(u) - Pjuj where Ny is the number of Ramond 
sections with respect to the action of 7. Now we consider a path of the perturbation A : 
[-1, 1] — » Wq^{u) - 2,Jj(/1)m; such that the path of the perturbation is still Wy-regular. 
Such a path is generic in the path space of the perturbation parameter space. Assume that 
the i-th critical point of the path is k'(A) = iK\(A), ■ ■ ■ , /cj^ {A)), for i - 1, ■ ■ ■ ,fiy, where fiy 
is the multiplicity of Wy + Wo,y. These critical points are all nondegenerate critical points. 
We know from Section 3 that there are real hypersurfaces in the perturbed coefficient space 
C'^'' separating C'^'' into a system of chambers. When the path ibi{A), ■ ■ ■ , bN^(A)) crosses 
one hypersurface, e.g., atA-0, then correspondingly there exist two critical points and 

such that 

Im(Wy + Wo,y){K^) = Im(Wy + Wo,y)iK-). (148) 
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Since for different y e G, we can take different perturbations, in the following discussion, 
we always fix the perturbations about all group elements y except for one group element 
y. For y we choose a path of perturbation such that all of its critical points are fixed except 
for one depending on X. We denote it by k^(X). We assume that the perturbation crosses 
only one chamber at /I = 0. Namely, \i X + ^, the perturbation is always strongly regular, 
and at /I = 0, there exists only one critical point hT satisfying ( I148l l. The existence of this 
perturbation path is generic in the path space. We call this path of perturbation generic 
crossing path. 

Now our Kuranishi structure depends on the metric we chose near the marked points 
(we choose the cylindrical metric), cut-off functions fij, m used to define the perturbed 
Witten map, the obstruction bundle and the partition of unity. There are two natural 
ways to choose the metrics near marked points which correspond to "Smooth theory" and 
"Cylinder theory" we mentioned in the introduction. The different choice of the metrics 
will significantly change the Witten map and the Witten equation. In physics, people think 
these two theories are equivalent in some sense. This is just the conjecture we proposed 
in the introduction. Here we fix the cylindrical metric, and consider the influence of other 
choices. 

Let 7 = iy' ,y) and x"^ - {x' , k"^). We fixx - (x', k^) and choose a generic crossing path 
of perturbation with the crossing point at /I = and satisfying K^^iA) < k^, i.e., Re(Wy + 
Wo^y)iK^) < Re(Wy + W{iy){K^)-- Then we get a family of perturbed Witten equations 

rig 

(W/)(/l)(u) = , and this family induces a family of moduli spaces ^ w(7''T' ^' 
for /I e [-1 + e, 1 - s\. 

rig 

Since ^ ^ y^iy' ,y;x' , ; ±(1 - s)) are strongly regular moduli spaces, they have ori- 
ented (stable almost complex) Kuranishi structures "f^ - {(Ua-{±),Ecr{+), Scr{±))]- The 

rig 

Kuranishi structure can be trivially extended to the spaces y^/{y' ,y;x' ,k^; -1 + e) x 

rig 

[-1,-1 + e] and ^ gj^ v/iy' ,y;x' ,k^; 1 - e) x [1 - e, 1]. 
Define 

•^Ixwii^') = U^e[-l,l]{/t) X ^j_^,y(r',f;>«',/f"U). 

We can define the Gromov convergence on ^ ^ ^ w^'^ ) '^he same way as in Section 
7. The sole difference is that the sequence (£", u") may depend on the extra parameter A. 

Similarly we can prove that ,y(/<-") is a compact Hausdorff space. 

rig 

Our aim is to examine the change of the virtual cycle ^ gj^^^iy' ,y;x' ,Kr;A) when A 
changes from positive to negative. 

Theorem 6.1.2. wiji^) is a compact Hausdorjf space carrying an orientable Kuran- 

ishi structure with boundaries. The boundaries appear at A — ±1 and A — 0. When 

rig 

A = +1, the boundaries correspond to ^ g|^^,{y' ,y;x' ,K^; +1). When A = 0, the boundary 

is ^ g]^Yf(y' ,y;x' , k^)#S'''{k^ , kT), where S'''(k^,k^) is the space of BPS solitons flowing 
from the critical point to kT . 

Proof. The proof of .^^jj ) to be a compact Hausdorff space under Gromov conver- 
gence is similar to the proof of Theorem 14. 3. II The next thing is to construct an oriented 

Kuranishi structure over ^ ^ ^, ^{k^). 

We already have the Kuranishi structure at the boundary points corresponding io A - 
±1. When A - 0, the perturbation of Wy is regular but not strongly regular. The BPS 
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soliton W-section may occur. We now consider the neighborhoods near those BPS soliton 
sections. We still use the notations from Section l53] 

By Theorem 15 . 5 . 1 21 we can give an oriented Kuranishi structure to the regular but not 

rig 

Strongly regular moduli space ^ ^ ^ w^J^ % ^' ^ *'^)- 

The BPS soliton sections in ^ ^ ^ ) '^^'^ ^l^o be divided into four cases according to 
Section l53] We only construct the Kuranishi neighborhoods for those BPS soliton sections 
satisfying Case 1, and the other cases can be treated in the same way. 

Case 1. Let ((£i,ui) e ^ ^^y^(y,>t' ,k^) be a non-soliton section and let u+_ be a BPS 

soliton. Then ((£i#(R x 5 '), Ui#u+_) e ./#^ vi'('^ ) is ^ BPS soliton section satisfying Case 

1 of Section 1531 

Let ({/o-, £o-, So) be a Kuranishi neighborhood of ui in ^ ^ ^(7, x',k^). By Theorem 
15.5.41 we can take the Kuranishi neighborhood of (R x 5 u+-) to be {{pt}, E+-, s = 0). 
Now we can use our gluing construction again: 

(1) Assume that Ua- = Vdefomi,iT X Vre.ml,a- X V,„ap,a- Let yS € Vdeform,a- X Vresol.a and 

^ G £^£(0) € C. We can get the nearby curve (£^5 ^ and the approximating solution 
^app,/3,(,A = 'Viappfi,^ which is defined as before since the boundary values at marked 
points are fixed. 

(2) Take the obstruction bundle E)? ^ = Op^^iEcr © E+J), where 6j8^ is defined as before. 
Notice that the obstruction bundle is independent of A. Now the equation we study 
is 

A,f(W(/l))(«/>) = mod Ep^^. 

However we find that the linearized operator Dy i^iWIiA)) is independent of the 
perturbation term, i.e., independent of A. Thus all the Lemmas from l5.3.Tl to l5.3.4l 
hold without any change. 

(3) Now we want to apply the implicit function theorem to the operator WI{A) on tt,.,^ . 
We define 

We have 

Fp,aO) = WIp,(j(Uapp,y,(), DFp^ijiO) = Z)u„,„„,,((W)(0)^,f) = Dp,((Wm). 

Actually we only need to modify Lemmas 15.3.51 and 15.3.61 After a simple com- 
putation, we find that we can obtain Lemmas 15.3.51 and 15.3.61 with the constants 
there independent of A near 0. Then we can construct our Kuranishi neighbor- 
hood (Vdef orm,cr ^ ^resol,a 

X DsiO) X Vmap,a-, © v) by the same technique. 
Here the set Vmap,a is obtained by using the implicit function theorem and hence 
should depend on A. However, because of uniform estimates, we can take the 
same V,„ap.cr- Since S ' only acts on Z)e(O), when modulo the S ' action, we 
can obtain the "Kuranishi" neighborhood {{Ua x [0, So-]),£o- © v), where 

Ucr = Vdefomua X Vreml,cr X V„,ap^a, Sa-{fi, <l>, 0) = i<r(0), and the length of the 

cone may depend on the point cr. 

Note that the Kuranishi structure {Ua-,Ea-, v) and orientation on ^ gj^ ^/{-y,x' ,k^) are 
well defined; we get a kuranishi structure {{Ua- x {0,ecr\,Ea- © £+-, v.f)) with natural 
orientation of a neighborhood of Im(G/Me™ ) G ^ g ^ ■^{y, x' , k^). 

Case 3. If ((£i, Ui) G J^''^^{y,x', is a BPS soliton section , then ((£i#(Rx5 '), Ui#u+-) 
satisfies Case 3 of Section 153] We can still construct the neighborhoods near those points. 
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Now we can take a good coordinate system of ^ ^ j. ^{7, x' , k^) (see Lemma 6.3 of [FO] 
for the existence) which is a finite covering of Kuranishi neighborhoods. Therefore we can 
take the length to be the minimal length e. 

Thus one collar of the boundary of ^ ^. -^inT) at /i = is ^ ^^-^^{7, x' , k^) x [0, s]. 

The cone points of .y^ ^ ^. iy(A: ) at /I = can also occur; one can construct their neigh- 
borhoods as done in Case 1 which is also characterized by Lemma [5.5. 101 Now we con- 
structed the Kuranishi neighborhoods of the boundary points and the cone points occurring 
at /I = 0. Using the gluing argument as before, we can extend the Kuranishi structure cov- 
ering the compact set of boundary points and cone points to the whole space ^ ^ ^(f ) 
and construct an oriented Kuranishi structure (See the proof of Theorem 17.11 of IIFOI for 
the extension reason). □ 

We still take the above special perturbation path. Define 

■^Ixwii^^) = ^Ae[-\,\]W X ^^_i_H'(/,r;i^',f^('t)U)- 

Theorem 6.1.3. wi'^^) compact Hausdorff space carrying an orientable Kuran- 
ishi structure with boundaries. The boundaries appear only at A - ±1. When A — ±1, the 

rig 

boundaries correspond to ^ w^T' 'T' ^' ^ '<'^(± !))• 

Proof. The proof is analogous to the proof of Theorem l6. 1 .2l except there is no soliton W- 
section satisfying Case 1 and 3 of Section l53] Therefore when A-Q, only the cone points 
appear We need to construct the local charts of the ordinary interior points as well as the 
local charts of cone points. There is a subtle difference in the present construction when 
compared to the previous construction of local charts: the critical point k^{A) is movable. 
We should modify our previous argument. 

For example, we consider A e (-e, e) and Uo- e ^ gi^,/^{y' ,y\x' ,k^) a non-solitoon 
section. The approximating solution \iapp,y,(,A on "^y ^ is defined as follows: near the nodal 
points we define viapp^y,(,A as before; near the marked point labelled by y, we let 

The linearized operator at the point {y, A) is 

£>,,f,,(W/)(0) := D„„,^,„.^,,((W/),,,f)(0) = ~dy<l> + A(Uapp,y.(,A,y)<l>. 

The parameter A appears in the nonlinear term. Then we modify Lemmas 15.3.11453761 
by a trick: we replace the symbol y representing the deformation parameter by y, A and \y\ 
by \y\ + \A\. Then all those lemmas hold if y, f , A are sufficiently small. Using the implicit 
function theorem, we can find a Kuranishi chart for Uo-. 

Similarly, after a small modification, we can construct the Kuranishi neighborhoods of 
cone points as done in Lemma l5.5.10l 

Then we have constructed the local chart of each interior point (including cone points). 

We can extend the given Kuranishi structure of a collar of the boundaries of ^ ^ ^ wi'^^) 
at /I = +1 to the whole space as done before to obtain an oriented Kuranishi structure. □ 

Classical Picard-Lefschetz theory. We will give a simple description of vanishing cycles, 
Lefschetz thimbles and related transformation groups. It has already become a classical 
theory. The interested reader can see BArllEl and etc.. 

Now we assume that the perturbation polynomial Wo,y is strongly Wy-regular and suf- 
ficiently small such that there are exactly yUy critical points of Wy + Wo,y inside a small 
ball B centered at 0. Let a' be the critical value of Wy + Wo,y which lies inside a small 
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neighborhood T <z C corresponding to B. Furthermore, we can require the order of these 
critical values to satisfy Im(a;) < lm{aj) if / < j. Let a* e dT he a regular value. We take 
T small enough and define Y ^ (Wf + Wo,yyUT) n B and = (Wy + WQ,y)-Ua,). 
Take a system of paths Z,(t) : [0, 1] ^ C connecting a* and a, such that 

(1) the paths Z, have no self-intersections; 

(2) the paths Z, and Ij intersect only for t = 0, at the point a, - Z,(0) = Z/O); 

(3) the paths /, are ordered by the requirement that arg r.{0) < arg l'j(0) if / < j. 

For each path /,, there exists a corresponding simple loop j3i which goes along Z, from a, 
to the critical value a,, then goes anticlockwise around a, and finally returns to a, along . 
The system of these paths /, 's is called distinguished if the corresponding system of simple 
loops Pi generates the group Ji\{T' , a,), where T' - T - [a^, - ■ ■ , a^^]. 

Each path l, induces a unique vanishing cycle A, e (F,) or a Lefschetz thimble S , e 
Hn (Y, Ft) up to orientation. In singularity theory, the set of these cycles or thimbles forms 
abasis of the homology group //Af._i(F,) = TF^, or the relative homology group //Af(F, F,), 
which is called a distinguished basis of vanishing cycles or thimbles respectively. Let D, 
represent the set of all the distinguished bases of vanishing cycles (or thimbles). 

Assume that the boundary of the relative cycle S , is just A, ; then when taking compatible 
orientations we have the connecting isomorphism: 

5. ://^,(Fn)^//w,_i(n) 

such that 5. (5,) = A,-. 

Each simple loop y6, induces the monodromy operators 

/lA, ://w^_i(n)^//^_i(n) 

and 

hs, : H^.iY, n) ^ Hm,(Y F.), 
which have action given by Picard-Lefschetz theory as follows: 

/2A,(A,) = A,+/;,;A,V; (149) 

and 

hs,(Sj)^Sj + RjjSi,'ij (150) 
where 7? j/ = (-l)'*'r(A'r+i)/2^^. o A, and Aj o A, is the intersection number. 

The map/?/ /ia,(/is,) induces ahomomorphism7ri(r', a,) — > Auti/Ai^_i(F»)(Aut//Ai.(F, F,)). 
The image of the homomorphism is called the (relative) monodromy group of the singular- 
ity Wy. It can be proved (shown in | ArJ) that the (relative) monodromy group only depends 
on the type of the singular point of Wy. The set {/ja,, / = 1, ■ ■ ■ ,jUy) ({hsi, i - 1. ■ ■ ■ >/^y)) 
generates the (relative) monodromy group. 

There are several groups acting on the set D»(cf. [EJ). Let {S\, ■ ■ ■ ,61^.) be a distin- 
guished basis of vanishing cycles or thimbles. We have 

(1) action of {"ZITLy^ (change of orientation) 

Orj{6\,--- ,6^^) = (6\,--- ,6j-u-5j,Sj+u - ■ ■ ,6^^). 

(2) action of monodromy groups 

hi(6i,--- ,6^^)^{hi{5i),--- ,hi(6^^)). 

(3) action of braid group Br(fiy). Let bri, - ■ ■ ,fer^--i be the standard generators of 
Br((fiy)), then 

brjidu- ■ ■ , S^,) = (Su ■■■ , 6j-uhj(6j^i), 6j, 6j^2, ■■■ , S^^). (151) 
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(4) action of the symmetric group Sym,^.. 

o-{6\,- ■ ■ , 6^^) = {6a-(\), ■■■ , So-(ti^)), cr e Synif,^. 

(5) Gabrielov thansformations 

Giij)i6u- ■ ■ = iSu ■ ■ ■ ,6j-uhii6j),6j^u ■ ■ ■ ,6^^). 



One can also discuss the Dynkin diagrams corresponding to a distinguished basis. The 
above group actions also act on the Dynkin diagrams. The following proposition was 
proved by Gabrielov (cf. |E |) 

Proposition 6.1.4. Any element in D» can be obtained from a fixed element by iterations 
of transformations (1) and (3). 

Quantum Picard-Lefschetz theory. By a cobordism argument, the classical Picard-Lefschetz 
theory can be seen at the level of the moduli space. 
By Theorem l6.1.3l we have 

^rig rig 

Corollary 6.1.5. The virtual cycle gtw{'Y,x)Y"^ in 5^(7)) is independent of 

the various choices we made to construct the Kuranishi structure, which include the cut- 
off functions P, Tu, the obstruction bundle Ecr and the partition of unity. Assume that 

rig 

^ gXw^7'^ is a family of moduli spaces depending on a perturbation path. If for each 

rig rig 

A, the moduli space ^f{y,x{A)) is strongly regular, then each g^, ^{■y;x{A))Y" de- 

^rig 

fines the same cohomology class in Ht(^g 1^ w(y))- 

rig 

Now assume ^g^, ^,{'y' ,f;x' , k') to be a fixed strongly regular moduli space. Here k' is 

rig 

one of the critical points of Wy+Wo.y. Then we obtain yUy virtual cycles [^^i^ w(t'' T,^', k')Y"', i - 

^rig rig 

1, ■ ■ ■ ,fiy in Ht(^g i^ ^,{y)). Let Vy c //,(.^^j.jj,(7)) be the vector space generated by 
these virtual cycles. 

Let a' be the corresponding critical value of k'. We can further require that the order of 
the critical values satisfies Im(a') < Im(a'') if i < j. This order determines a basis of Vy. 

The perturbation parameter (bi, - ■ ■ , b^^) lies inside one chamber of C'*'''. By Corollary 
16.1.51 the virtual cycles do not change if we only move the point {b\, - ■ ■ , b^^) inside the 
same chamber. 

However, when the point {bi, - ■ ■ , bt^^) crosses the wall between two chambers, the basis 
of Vy is transformed to another basis. The change is given by the following wall crossing 
formula. 

Theorem 6.1.6 (Wall crossing formula). Let {b\(A), ■■ ■ , bN^(A)), A e [-1, 1] be a generic 
crossing path in C^''. Let [k^ (±), ■ ■ ■ , k'{±), /f'^' (±), ■ ■ ■ , n^'^r (+)) be the set of ordered crit- 
ical points at A — +\. We can assume that k^+) — is fixed for j + i, ii{±) — ii{A = +1) 
andlm(a\A = 0)) = /m(a'+i). 

If the perturbation satisfies Rea'(A) < Rea'^^, we have the left-transformation: 



ng ng 

i?M+i-[^"lw(r',r;«',^'(-))]'"'' 

l^Z.wiy'^ r; x', (+))]"' = [^2.w(r', r; K\-))r, 



(152) 



(153) 



(154) 



82 



HUIJUN FAN, TYLER JARVIS, AND YONGBIN RUAN 



where Rij+i is the intersection number defined as above. 

If the perturbation satisfies Rea'(A) > Rea'^^ , we have the right-transfonnation: 

l^7k,w(r'^ r; x\ = [^",lw(r', r; ^■'(-))]"'', V; ^ /, / + 1 (155) 

l^Z.w(r',f, >'',«'(+))]"'' = [^2,w(r',r;>«',^"' (-))]"■'■, (i56) 
l^iwir'^ r; '<'^' (+))]"' = [^S,^(7', r; 

■ [^"lw(7',r;«',^'^'(-))]"'' (157) 

Proof. It suffices to prove the left transformation formula. 
At first, we shall prove ( 11521 ). Define the moduli space 

By Theorem l6.1.3l this moduli space is a compact Hausdorff space carrying an orientable 

Kuranishi structure with boundaries. Its boundaries consist of two parts: w(7''% ^' ^ 

and ^ gf^^{y ,y;x' , k^{-)) which are strongly regular moduli spaces. Let {(t/o-(+), Ea-{±), v(±))) 

be a good coordinate system of Kuranishi neighborhoods of ^ gi^^fiy' ,y\^' ^i^K^)) re- 
spectively. Then by Theorem 6.4 of [POJ, the section {so-(±)) can be approximated by a 
sequence of multisections {s%^]. By Lemma 17.4 of IFOL we can extend the multisections 

{Sj„) to the multisections {?;]-„) over ^^j.jy(/c-') such that the restriction S;]-„U=±i = Sj„. 
By the proof of Theorem 4.9 of |FO|, the zero set (s^„)"'(0) is a singular chain satisfying 

5(4,„)-'(0) = (s:,„)-'(0) - (s^,„)-'(0). 

Define the map 11 : ^ -> Ji l^^^ij) by 

[((£,u)]^[((£o)], 

where £o is the W curve obtained from d by shrinking the soliton components. 
Since the map 11 : ^j^^.i^C/^^) ■^i;,lw(7) is strongly continuous, we have 

5n.((s^_„)-'(0)) - n.((sJ_„)-'(0)) - n.ccs^^j-'co)). 

Therefore, we obtain 

[^Sw(r',r;«',^'(+))]"" = [3#J,lw(r',r;>^',^^(-))]"". 

In particular, the cobordism argument can be applied to the moduli space 
to obtain the following relation: 

[^",lw(r', r;^<', ^■'(+))]"" = [^l*,,y(7', r;^<', ^ = o)]'"''. (158) 

So we have finished the proof of ( 1152b . 

The proof of (I154l l is almost the same as the proof of ( I152l l. The sole difference is that 
the decorated index k' is moving when A changes from + 1 to - 1 . In particular, one can 
also prove 

[^kiy(r',r;«',^'U = O)]""' = [:Z",lv^(r',r;j<',^'(-))]"'''. (159) 

To prove equality ( I153l l. we consider the following moduli space: 

^i^,w('^'^') = U^e[-i,i]{'l) x3#g^4_v(,(7',r;;>«',>f'+'U). 
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By Theorem l6.1.21 this moduli space can carry an oriented Kuranishi structure with bound- 
aries. The boundaries consists of three parts:^j^,y(7',7;*;',/<-'^';/l = +1), ^ g\ y^,(y' , y; , 

-1) andZ^li,^w{y',y;>e',K'-A^ 0)#5 V'(0), /^'+'). 

If the perturbation path of the parameter b(A) is generic, then the sohtons of S'>'(k'(0), /f'+i) 
are Morse-Smale flows and there are exactly Rjj+i elements, where Rij+i is the intersection 
number of the vanishing cycles representing the critical points k'{Q) and /c'^' . 

If u+_ e 5 '^(/c'(O), andui e ^'g i^ ^r(7',T,>t',K:';A = 0), then their neighborhoods in 

■^g k w('<''^') exactly the same as those described by Lemmas l5.5.6l and l5.5. 101 Now us- 
ing a similar cobordism argument, one can show that [^g\ w(7'^ T' ^'^ '^'^^ ' - +1)]'"^ is 
cobordantto g^|^ ^,(y' , y; x' , k'^^ ; A - - l)Y"' andRij+i pieces of[^^ |^ ^,(y',y;>c',K'■, A - 
0)]™'. Notice that " 

and 

by relation (11591 ), and thus we obtain ( I153l l. □ 

Correspondence. With the given order of the critical points {a-', ■ ■ ■ ,k''^} or the critical 
values {ai , ■ ■ ■ , a^^], we have the corresponding order of the system of paths {/i , ■ ■ ■ , ^/jj). 
This system of paths induces a distinguished basis of vanishing cycles {Ai, ■ ■ ■ , A^^) in 
//jVj_i or thimbles {5 1 , ■ ■ ■ , 5^^) in H^^iY, 7,). For simplicity, in the following we only 
discuss the correspondence between virtual cycles in Vy and thimbles in HmA Y, The 
result is the same for vanishing cycles. 
We define a linear map 

by setting the map between bases: 

lis ^rig 

In particular, we define 

^"lH'(r',r;*;',-5/) -[Z^'g%w(r',t,>e',K')y'''. 

Theorem l6. 1 .6l implies that the generic crossing path of perturbation provides the action of 
the braid group on Vf. 

br) ■ (l^liM',y;x',K')r, V^lk,wiy' y^^)f) (160) 

- ([::#J,lw(r',r;^<',^')]''", ■ ■ ■ , C^l^^^iy' ,%x\K'-')f , 
hj{(^7t wiy'^r,'^'^ K''')r\ V^gk wir', r; «hr, (^Z wir, r;^'. ^O]'"'). 

(161) 

Here br'r means the action of the braid group which is given by left-transformation. 
Hence, we have 
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Proposition 6.1.7. The map ^"^^"j^y^iy' ,y\n' , ■) : Hf^.(Y, F,) — > c //.(^^^.^(t)) ^ 
homomorphism of Br(^fiy)-modules. Furthermore, if [S'-] is anther distinguished basis of 
Hm^{Y, F,) and S - 2,- x'^S'i, then 

i 

Proof. The second conclusion is obtained by Proposition l6.1.4l □ 

6.2. Axioms for the virtual cycle on the space of rigidifled W-curves. 

Theorem 6.2.1. Let T be a decorated stable W -graph (not necessarily connected) with 
each tail t e T{Y) decorated by an element jj e G. Denote by k :— |r(r)| the number of 
tails ofY. There exists a virtual cycle 



7"S , 



-,N yj^OO 



I) 



satisfying the axioms below. When T has a single vertex of genus g, k tails, and no edges 

r rig n"> 

(i.e, r is a corolla) we denote the virtual cycle by ^ w^T^ 
The following axioms are satisfied: 



(1) Dimension: If Dr is not a half-integer (i.e., if Dr i jZ), then 

Trig 



where 7 := (yi, ■ ■ ■ ,yii). 

,rig Y'r 

win = 0. 



Otherwise, the cycle 



' w 



6g-6 + 2k-2D- 2#£(r) = 2 



So the cycle lies in Hr 



has degree 

{c-3)a-g) + k- 2 h-mr) 

where 



Ter(r) 



(162) 



?(r),Q)®nrEr(r)/^A.,.(C^.,W, 



r :- 



-6+2k-2D-2#Eir)- ^ A^y, = 2 



renr) 



(c-3){l-g) + k- ^ L{yr)-mr)- 



(2) Symmetric group invariance There is a natural S k-action on ^ °y. obtained by 
permuting the tails. This action also induces the permutation of relative homology 
and cohomology groups. So for any cr e S k the induced map 



cr, : H, 



, Q) ® ]~[ //^,, (C:^, w;, Q) ^ Hd J<(Z,w^ Q) ® n ^^y.m ' 



satisfies 



^;;f(r) 



,cr,(Q') >=< 



,a >, 



for any a e Ui //'^"(C^, W™, Q). 
(3) Disconnected graphs: Let T - U,T, be a stable, decorated W-graph which 



is the disjoint union of connected W-graphs F,. The classes 
are related by 

rip V" r rig 



-#w(ri) 



and 



(163) 
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(4) Degenerating connected graphs: 

Let r be a connected, genus-g, stable, decorated W-graph with a single edge e 

~ rig rig 

and let i : (F) — » ^ ^ f, ^{y) denote the canonical inclusion map. Then there 
holds 

[^1^(7)]"" n:^;'(r) = l^"^{Y)r. 

or in cohomology form 





vir 


( ' ^ 








~ ^top 




n 






\ (=1 ) 







(5) Weak Concavity^ Suppose that all the decorations on tails and edges are Neveu- 
Schwarz, meaning that Cy. - {0). In this case we omit the H^^^ iCy^, W^, Q)from 
our notation. 

If, furthermore, the universal W -structure {J^\, . . . , on the universal curve 

TT : — > ^i^iY) is concave (i.e., (® -2^) — Oj, then the virtual cycle is 

given by capping the top Chern class of the orbifold vector bundle —R^n,, (® '^j -2^) 
with the usual fundamental cycle of the moduli space: 



(164) 



(6) Index zero Suppose that dim ^{Y) — and all the decorations on tails ofT and 
edges are Neveu-Schwarz. 

If the pushforwards and R^n, are both vector spaces of the 

same dimension, then the virtual cycle is just the degree deg(W) of the Witten map 
times the fundamental cycle: 

^y,{Y)Y = deg(ir)[[:^w(r)] 

where the jth term Wj : 7r» ► R^n^J^j of the Witten map is given by 

Wj = ~d.,W{xu...,XN). 

(7) Forgetting tails: 

(a) Let r have its ith tail decorated with 7"', where J is the exponential grading 
element of G. Further, let Y' be the decorated W-graph obtained from Y by 
forgetting the ith tail and its decorations. Assume that Y' is stable, and denote 
the forgetting tails morphism by 

r« : ':^"^{Y) ^ Z^^iY'). 

We have 



:ng 



{T)f = ('?r)*([^<,;-i,w(r')]"0 



(b) (1) [^oliyCn, 72, /-')]"" = ifji + 72 ' 



(2)IfSi and S ^ are arbitrary two basis in H^^ (C" , ( Wy)°° , Q) and H^^ ( 
respectively and if (rj'-') is the inverse matrix of (< S i,Sj >), then 

\G\ |G| 



(165) 



llg 



z 



<y > 



< J 



*This axiom was called convexity in fJKVll because the original form of the construction outlined by Witten 
in the Ar-i case involved the Serre dual of which is convex precisely when our is concave. 
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Here Yjij ^t'S i®Sj is called the Casimir element of the intersection pairing. 
Furthermore, for any a e H^r(C'^, (Wy)-°°, Q) and /3 e H^^(C^, (Wyr, Q), 
there holds 



Z,w(y^y'''J'')y"(a,p,ej->)^ 



\G\ 



\G\ 



< a,/3 >, 



<y > 

where < ■, ■ > is the pairing induced by the intersection pairing. 
(8) Composition law: Given any genus-g decorated stable W-graph T with k tails, 
and given any edge e ofF, let F denote the graph obtained by "cutting" the edge 
e and replacing it with two unjoined tails t+ and t_. Further, denote by 



p : ^w(f ) 



the gluing loops or gluing trees morphism corresponding to gluing t+ to t_, as 
described in Section\2\Equations U4\l and ( I-/5D . 



Trie ^ 



The virtual cycle 

The homology Hf^^^ ( 
so the intersection pairing {,} : H, 



lies in H, 



■ng 



Zy , Wy , Q), is naturally isomorphic to H, 



y , Wy , 



I), 



-y ,Wy 



can be applied to contract these and give a map { )± : i/»(^5y (F), Q)®n 

■^N TITO ffXir^H.- ((TN TITO , yy"S 



Vy+ v-y^,' Wy^ 

We have 



\G\ 

<r+ > I 



r-' r- 



C(r) 



1) 



(166) 



(9) Sums of Singularities: 

IfWi e C[zi, . . . ,Ziv, ] andW2 e C[zn,+i, ■ ■ ■ ,Zni+n^] are two quasi-homogeneous 
polynomials with diagonal automorphism groups G\ and G2, then the diagonal au- 
tomorphism group ofW = Wi + W2 is G - G\X G2. For any y\ e G\ andj2 e G2, 
it is known MAGVIIEI that the following isomorphism holds: 



"""d^^(yi,n)' '^'^ (71,72)' 



D = H, 



mid\ 



w: 



mid\ 



Further, since any G-decorated stable graph F is equivalent to the choice of a 
G {-decorated graph Fi and a G2-decorated graph F2 which are based on the un- 
derlying graph F, we have the fiber bundle 



C(r): 



-ris 



(167) 



The natural inclusion 



A* 



together with the isomorphism of middle homology induces a homomorphism 

k 



. k \ 

h.C^Zm. (ri ), Q) ® n ^'^n.. ^^y.^ ' . ' 
/■=i 



^.(■^"lvv.(r2), Q) ® n //^y, , (<, , m) 



'ji.i ' 



i=I 



^.(^',',L,.vv.(r),Q)®n//A.,y„ 



.a.<,:^2)'(^'+^);.,„7a)' 
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such that the virtual cycle satisfies 



A* 



' gXWi 



(Fi) 



- g,k,W, +W2 



(O 



(168) 



Remark 6.2.2. By a Liouville type theorem for A] -singularity, we see that the A i -theory 
is uniquely determined by these axioms and it agrees with the theory of 2-spin curves as 
described in IUKVII §4.51. 



6.3. Proof of Theorem lOTT] and Theorem \hOA[ 

In this section, we will first define the virtual cycle, prove the axioms given by Theorem 
16.2. H and finally prove Theorem ll.0.41 



Definition of virtual cycle g w(r)Y"' . Fix 7 = {7\, - ■ ■ ,7k] and choose the moduli 

rig 

space ^g |^ ^,('y,x) to be strongly regular. For each y e G, choose the basis {S^{y),j - 
,fiy] in HN^(C'^,{Wy + Wo,y)"°°,Q) corresponding to the critical points of Wy + 
Wo,y and the dual basis {S j(y), ; = 1, ■ ■ ■ ,;Uy) in Hn^(C^, (Wy + Wo^yT, Q). Then each 
combination (Sj^iyi),--- ,Sj^(yk)^ corresponds to the combination of k critical points, 

^h-h — [Kj^iji),--- ,Kj^{7k))- We obtain the virtual cycle [^^'i;y(r; 7, ;i< J,.. .yj]"'' =: 

iy(r;7, 5j^(7i), ■ ■ ■ ,Sj^(yk))Y"^- Now we fix a strongly regular parameter (b^); the 
Gauss-Manin connection provides the isomorphisms 



GM,;,o, : //«(<, (Wy + Wo,y)'"", 



Using the isomorphisms we can identify ( 
Define 



//^,(C™,(Wy)^°°,Q) 



(Wy+Wo,yr'^, Q) with //^,XC;r, (WyT 



C(r) 



€ //.(^^Xn,(r)) ®Y]h, 

renr) 

By Proposition l6. 1 .7I We have 



.w: 



(169) 
(170) 



Proposition 6.3.1. The virtual cycle 



is independent of the choice of the basis 



{Sj,(ji)} q///iv^(C™, (WyT"', Q) at each marked point pi. 

Since the parallel transport induced by the Gauss-Manin connection preserves the inner 
product of the homology bundle, the above proposition justifies the definition of the virtual 

Trig 



cycle 



°(r) 



ng 

Proof of Dimension axiom. The dimension of the virtual cycle [^gj^^,(T;y,Xj^...j^)Y"' 
was already calculated in Theorem 15.1.11 The real dimension of the tensor product of 
the Lefschetz thimbles Yl'i=i ^ jiiji) is ^y,- So we obtain the dimension of the virtual 
r — rig ]"'■'■ 

cycle (F) . Notice that its real dimension can be an odd number. This is a new 
result compared to the previous research in Ar-spin curves. 
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ng 

Proof of symmetric group invariance. Since the construction of the virtual cycle (F; 7, x) 

is independent of the order of the tails, hence if we denote by crY the graph obtained by 
applying cr to the tails of F then we have 



as homology classes. 

Proof of Disconnected graphs. This is obvious. 

Proof of Degenerating connected graphs. It suffices to prove the following conclusion 



-ns 

^(0 



02 



,,*,iy(r,^)]"'n. 

X Kc.so/,cr X ymap.cr. Eg-, Aut(cr), v)) be an oriented Kuranishi structure of 



Let {{Vdeform.a- 
rig 

^g,k.w(7,K)- The restriction {(Vdeform.a- x {0) x V,„ap,a-,Ea-,Aut{(r), So-lr)) provides a Ku- 
ranishi structure of ^^(T; k). We can take a smooth sequence of multisections s'^ such 
that s'^ approximates Sa- and the restriction s'^\r approximates Sa-\r- Hence 

l^'^iT-^K)^ = n(u<,((4|r)-kO)/ Aut((r))) 

x{0)xy,„,;,,<,))/Aut((r))) 

= [^e,liy(r,^)]"'''n:Z';'(F;^), 



where 11 : 



-ns 

V(r;^) 



(F) is the forgetful map introduced before. 



Proof of Weak Concavity axiom. By hypothesis all the marked or nodal points are Neveu- 
Schwarz points, then the perturbed Witten equation becomes the Witten equation which 

has only the zero solution by Theorem 1 3 . 3 . 8 1 and the virtual cycle [^^^ y/{y; 0)]'" is well 
defined without introducing any perturbation. The linearized operator of the Witten map 
becomes 

D{WM) = ~d. 

- rig 

Now by assumption, d has no holomorphic section. For any cr e ^(-y; 0), the Kuran- 
ishi neighborhood of cr can be taken as (Vdeform,a- x Vresoi,cr x {0),iJV,(^i © ■ ■ ■ ^/)). Thus 

rig 

the virtual cycle [^g_^_n/(7; 0)]'"^ is just the Poincare dual to the Euler class (top Chern 
class) of the bundle R^TT^i^i © ■ ■ ■^,) on ^^g^k.wij)- 

Proof of index zero axiom. Since all the decorations are Neveu-Schwarz the purturbed 

— ^rig 

Witten equation becoms Witten equation. By the assumption, ^^,(Y) is a set of points. 
The Kuranishi structure is a set of maps from kernel to cokernel at each rigidified W- 
structure. It is obvious that the virtual cycle is given by the degree of the maps. 

Proof of forgetting tails axiom, (a) Without loss of generality, we assume that ; = k and 



2mqi 



Since ( 



7k = = (e 
{0), it suffices to prove 



g2mXl-?,)-j 



(<^),([^"l^(F;7',n,;«',0)]) = 



< J 



(171) 
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Consider the 

By the degree formula, we have 

deg(|if,|) = -l. 
The Witten map on dy has no perturbation term and the index 

index(W/(£,) = 0. 

Let (£ be a rigidified W-curve having k marked points with the ^-th marked point decorated 
by jk- We want to study the Witten equations near this Neveu-Schwarz point (zt, yt)- 

If we take the cyhndrical metric near Zk (i.e., let |*| = 1), then its neighborhood is 
viewed as an infinitly long cylinder and zy, is viewed as the infinite point. Let Uj - ujef, 
then the Witten equation is 



du,^dW(uu---,u,)l_^^_ (172) 
dz duj z 



Let z - then we have 



^ =0, Vwe [-oo,0]x5^ (173) 

aw oui 

If we take the smooth metric, (i.e., let \dz\ = 1), then the Witten equation over the orbi- 
curve has the following form: 



oz ^ ouj z 
We can resolve this equation near Zk, and the corresponding function u satisfies the equation 



du, ^ dW(uu---,u,) ^ Q 
dz duj 

Consider the moduli space M ^ ^ ^{T; y, >c). Assume that the A:-th marked point is dec- 
orated by {yk,^j-')- Here we also assume that we take the cylindrical metric near each 
marked point. On the other hand, we can set the metric near Zk to be the smooth metric and 
then the Witten equation has the form ( I174l i. After resolution, the solution u corresponds 
1-1 to the solution u of (1175b . In particular, the marked point Zk becomes an ordinary point 
if we only consider the equation. 

rig 

Let J jy(r; y' ,jk, x' , sm) be the moduli space consisting of the isomorphism classes 
of H^-sections ((£, u), where u is the solution of the perturbed Witten equation. Here the 
symbol "im" means that near the A:-th marked point, the metric is set to be the smooth 
metric. As before we can give the Gromov topology to this moduli space. Moreover, we 
will show below that it can carry an oriented Kuranishi structure which is induced by the 

^I'ig 

Kuranishi structure of ^ gk-\ ^(r'; 7',^')- 
The following diagram is commutative: 

'^Ilw(r; 7', n. — ^ .-#"_^^_i_j^,(r';7',*;') 



1 



Here j?"* is the forgetful map. This map exists if and only if the marked point Zk is deco- 
rated by the group element 7"' . 
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Let {(Ucr,r^,Eir, So-)} be a Kuranishi structure of -^g,jt_i,vi/(r'; /',«')• We can choose 
the obstruction bundle such that its generating functions have compact support disjoint 
from the - 1 marked points and the special point Zk- For a point cr - ((£o-,Uo-), we can 

rig 

take a neighborhood (f/o-, To-, £0-, «o-)- The class [(£0-] e ^ g^k-i,w(^'''y') ^ neighbor- 
hood (Ua-,^a-)- Then the embedding Ua- ^ t/p- is a To- A^- equivariant. There is a 
universal family of rigidified W-curves Ua- — > Ua- on which Aq- acts. Let (£, u) be a point 
in ^g^i^ y^(T;y',yk,x', sm) such that = [Go-]; then there is a neighborhood Ua-I^a 

of[£] suchthat)?"^({7,^/Ao-) = U,j/Ao-. Now (J7o-X^f7o-)/r,^ becomes a neighborhood of 

((£, u). The obstruction bundle E^- and the section induce the obstruction bundle E^- and 
the section Sg-. It is straightforward to prove that {(t/o- Ug), Fp., Eg., s„] is an oriented 

rig 

Kuranishi structure of M gj^y/(V;y' ,yk,x' , sm). Furthermore if {j"} is an approximation 

sequence of the continuous section [su] such that the multi-section is a transversal sec- 
tion, then [(.s")"'(0)] defines the virtual cycle [^^^-^^(r'; r','^')]''"^- Now the induced 
multisection {S" ) satisfies the relation (s^)"HO) = (i^)"HO) X-^g .x#"^^(F;7). 
Therefore we have 

l^2kA^\r,x,sm)r = (<«)*([:^J,lw(r';r','<']"0 

Now to prove this axiom we only need to show the following identity: 

[^Iw'Cr; /, x', sm)r = [l^giw^CF; y, p<)]"^ (176) 

Actually as the first step one can show after a simple computation that the two moduU 
spaces have the same virtual dimension. 

The difference between the two moduli spaces originates from the choice of different 
metric around Zk- When using the cylindrical metric, Zk is the infinite point with a infinitely 
long cylinder neighborhood. When using the smooth metric, Zk is just an ordinary point 
with a disc neighborhood. So to obtain the neighborhood of Zk from the infinitely long 
cyUnder one has to cap a disc at the infinitely far end. The inverse process is just the 
degeneration course of a W-curve along a circle centered at Zk- 

Let ((£, u) e ^g^^ ^,(r;y,x), and let £y be a semi-stable W-curve shown in (2). To 
construct the Witten map over (£/, we can choose the cylindrical metric near z\ which is 
decorated by J and choose the smooth metric around Z2- So Z2 is actually an ordinary point 
and one can use the Witten lemma to show that the Witten equation over (£y has only the 
zero solution. When identifying the point Zk on d with ziondj, (i#z^=n <£ j becomes a nodal 

W-curve. Notice that this curve is not in the space ./^^^(F; 7) because the (£j component 
is not stable. However, one can also do the gluing operation. The gluing parameter ^k is a 
complex number. However we only take a small real interval [0, s] as our gluing parameter. 
When ^k = 0, we do nothing. When ^k + 0, we obtain a W-curve (£(f;t) from (£. 

rig 

Therefore from the moduli space ^ ^ j n,(F; /) of rigidified W-curves, we obtain another 

rig 

moduli space ^ (^(F; 7, ) by the gluing operation. These two spaces are totally equiv- 

rig 

alent as orbifolds. Let ^^(F; 7', yk, x',^ky sm) be the moduli space of l^-sections over 
Define 

^ = ^ikm,s]-^l,wi^'y /. yk,x', (k, sm). 
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Using the decay estimate of the Witten equation, one can prove that this space is compact 
in the Gromov topology. One can construct an oriented Kuranishi structure over ^ from 
the Kuranishi structure of ^ 7, and ^ ^^. -^Cy; 7', yk,K' , sm). 

rig 

Let {Ua-,Ea-,Sa-) be a chart of ((£, u) e ^^|^ ^,(^■,J,>e). For any gluing parameter 
6 (0, s], we can obtain the W-curve By an index computation and the fact that the 

generators of the bundle E^r have compact support away from Zk, we can view E^- as the 
obstruction bundle over (S(^jt). Now by the implicit function theorem, there exists a sec- 
tion v,fA : Uo-x[0, e/3] Ea-. On the other hand, we let ^ g°k.w^^'^ j' ^ yk,x',^k - stn) - 

rig rig 

'^g,A-,w(r; 7',7k,>(', sm) and extend the Kuranishi structure to U^j£[2£/3,£].'#^ ,t iy(r; 7', jk, x' , ^k, sm). 
By the extension theorem, we can construct an oriented Kuranishi structure {(f/o-x[0, e], £0-, *cr,ft)) 
over ^ . So by a cobordism argument we have ( 1176b and then the final conclusion. 

(b) ^0 3 lyCyi, 72, -/ ') is empty if y\ + yl^ for degree reasons. So we only need to 
consider the moduli space ^o.IvcCT' T ') ™d the virtual cycle [^o,3,h'(t, T ')]"'^ 
for any 7 6 G. The moduli space ./#0 3 ivCT'T ■^~') 0-dimensional by the dimension 
formula. There is only one point in ./#o,3 and >^o.3.h' respectively. For the space of 
rigidified W-curves, we have the decomposition 

lAl.l/'2.'A3 

where k] , a-^ are critical points of the perturbed polynomial Wy + Wo,y and Wy-\ + VVo.y-i . 
Recall that to define the perturbed Witten equation we first fix a standard rigidification and 
then choose the perturbation term with respect to this rigidification. After that the per- 
turbation parameters with respect to the other rigidification is naturally defined, since the 
perturbed Witten equation is a globally defined equation and the solutions are independent 
of the choice of the rigidification. Assume that i/'^ and \}/^ are the standard rigidifications 
attached to 7 and 7"' . We have 



Lemma 6.3.2. If the perturbation is strongly regular, then 



where I = diag(^*', ■ ■ ■ ,^*") and = -1. 



(178) 



Proof. Take the rigidified W-curve (£ = (Rx,S\ pi, pi, P3,^,^^,il' ,^3) where we can 
set pi pz to be infinitely far points at -00 and -1-00 and p3 = (0,0). The rigidification 
1/^=^ actually gives the basis - (e^,- ■■ ,e^) on open half cylinders Ui,i - 1,2, where 
we require that t/i U f/2 = R x ' and Ui C\U2 - t/3. Now by the disingularization 
operation and a cobordism argument similar to the proof in (a), we can suppose p^, is an 
ordinary smooth point (not an infinitely far point) with the trivial orbifold structure without 
changing the virtual cycle. Consider the perturbed Witten equation over (£: 



- d{w + Wixp) 

oui = 0, (179) 

oui 

where Wo,j3 = Yji^f/^f^i- Let (^^,0^) and {(^,6^) be the local coordinates on Ui and U2 
respectively. On the overlap U3, we can do the following transformation: 

• Coordinate transformation: (^^, 6^) = -(^", 6^); 

• Corresponding transformation of local basis: /(e^) - e . 
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If M is a solution of the equation, and u - u^e'^, then we have the transformation: / ^{u^) = 
iT . In particular, we have the relation: 

r'(M+(-oo)) = M"(-oo). (180) 

and the equation in the uniform coordinates and basis , ), has the form 



du. — =0. (181) 

ou. 

Note that the perturbation terms near the two ends have a cut-off function. Actually, we can 
consider a family of perturbed equations continuously changing to the following perturbed 
Witten equation without changing the cycle: 



duj - ^ _ = 0. (182) 
du. 



Therefore, to compute the virtual cycle is equivalent to considering the existence of the 
solutions of Equation 
over R X 5 ' , we have 



solutions of Equation (1182b . Multiplying Equation (I182l i by ''^^'^^°-y^ an^j integrating it 



du. 



dsde. (183) 



Since the perturbation is strongly regular, by the above integral equality Equation ( I182l i 
has solutions if and only if m"(+oo) = u^(-oo). By (11801 ). this is just 



Corollary 6.3.3. If the perturbation is strongly regular, then 

■' otherwise. 



Proof. For any pair rigidification (1^1,1^2), there eixst g\,g2 e G such that i^i - g ■ ijj^ 
and - g2 ■ 4' ■ If ^ '('<■') - xj^ we can choose / = 8182^^ satisfying the condition 
I~^(g\Kj) - i82Kj) such that the corresponding equation has a unique solution. Thus the 

/V \C\ 

virtual cycle is just the number of different /, which is j^;^ x j^j^^- □ 

We begin the proof of (b). Let 5 J, ; = 1 , ■ ■ ■ , be a basis of ///^^(Cjf , (Wyy^, Q) which 
is identified with Hn^(C^, (Wy+Wo,yy°°, Q) and let {S j] be the dual basis in Hn^(C'^, (WyT, Q) = 
//^/C^, (Wy + Wo^yT, Q) = Hn^(C^, (Wy-> + W^o.rO"", Q)- We have 

The map / is a 1-1 map from the set of critical points of Wy + Wo,y to that of Wy + Wo.y-i 
(cf. Remark l4.2.6l l which induces a map 

/. : HM^iC"^, (Wy + Wo,yr°°, Q) ^ Hr,^(C'^, (Wy-, + W,xy-0'°°, Q) 

such that It(S^) = Si. Thus by Corollarv l6.3.3l we have 
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In general if Si and S ; are two ai-bitrary bases in HN^iC^, {Wy)-°°, Q) and Hn^{C'^, (Wy)-°°, { 
respectively and if we denote by {rj'-') the inverse matrix of (< S i,Sj >), then 

Let a e //^'(Cjf , (Wy)-"^, Q) and /3 e //^'(C^f , (W^)"", Q); then 



[X,3,w(r,r"',-/"')]""(«,A^^7-0 = y — ^ X 'fl a(5,)A5r) (186) 

■'-H I < y > I I < J > I 



I < r > I 

where < ■, ■ > is the pairing induced by the intersection pairing. 

Proof of Composition law. We can choose two bases 5 = 1 ■ ■ ■ ,yUy in //^i^ (C^^, (Wy^)""", Q) = 
Hn^^ (Cy^ , (Wy^ +Wo,yJ"°°, Q) such that 5 f corresponds to the critical point /c/ of Wy^+Wo,y^ 
and I(Ki) of Wy_ + VVo,y_ respectively. We can write the virtual cycle as 

'J 



Hence we have 



and then 



.+\\-\vir 



))] 



p.([^J^(f)]"'-)^ = _M_[^J^^^(r)]" 



since we have ways to obtain a rigidified W-curve in .-#^'^_vy(r) (without rigidifica- 
tion at the nodal point). 



Proof of Sums of singularity axiom. Let 7,- = (y/ 1 , ■ ■ ■ , 7/ 1) for / = 1,2 and 



r = ((ri.i ' 72,1), ■ ■ ■ , (ri,i, ri,*))- Assume that Hm , (C^/,, Wj ^ , Q) is generated by a basis 



5 J. , = 1 , ■ ■ ■ ,fiy,^ for each / and Hn^^ (C^", > ' generated by a basis S / ,li - 
1, ■ ■ ■ ,yL(y,,. Then the group i/A,^_ ,+A,^^ XC(^' Q) is generated by the basis {5^ » 
= I,--- = I,--- ,H2.j}- 

Now we consider the case that F is a decorated stable W-graph with each tail dec- 
orated by the Lefschetz thimble {Sj ® Sj^^,i = ,k}. We have the moduli spaces 

rig rig rig /V rig /V /V 

•^w,(ri;ri,'Sp := ^^^(ri;r^,Sj^,---Sj^), ^^^(r2;72,5p ^^j(r2;72,5,p- --^/p, 

rig /V rig /v ^ 

and (r;7, (Sj,,Sj,)) :- (F;/, ■ ■ ■ , These are compact Haus- 

dorfF spaces when given the Gromov topology and have the relation 

rit; A, ria rig a, 

Ji^ (r, 7, (5^, 5p) = Ji^^ (Li; 7i ,5^) x^^. ^^^(r2; 72, ^P)- 
By Corollarv l6.1.5l the moduli space ^^{y, 7, (5 J, 5p) carries an orientable Kuranishi 

rig 

Structure. Consider its local charts. For any point cr e (F), the local chart is given 
by (ydeform,a X Yresoi,c- X Vmap,a; E^, Aut(cr), s^, ^a)- Let [s^] bc a family of multisections 

approximating v; then for n large enough [-^^(T)]''"' is the pushdown of [(.?[5-)"'(0)]. 
Since W - Wi + W2, we have the splitting Vmap,o- - V,nap,o-, X Vmap.o-i , Aut(cr) = Aut(cri) x 
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Aut(o-2) and Eo- - Eo-, ® £0-,, where iVjeform,cr X Vresol,<T X Vmap,o-,,Eo-,,Aut(o-i), io-,.,*Pfr,.) 

rig 

for / = 1, 2 is the local chart of (F,). Thus 

[(^^)-'(O)] = [(*^,)-'(0)] x^ [(^^,)-'(0)], 



I.e., 



■ng , 



■"'(r2;r2,5r)]'"^ 



On the other hand, we have the decomposition of the dual spaces 



(188) 



")-2,; ^ (ri,i>r2.i) 



- Hk 



I® //a 



■^Ai: 



2,r2,i 



This decomposition combined with the identity (II88I 1 induces the conclusion. 



Proof of Theorem[L031 The primary complication is the numerical factors. 
Recall following lemma (Lemma 4.2.3 of IIFJRIII ). 

Lemma 6.3.4. For a diagram of schemes or DM stacks, 

i 




(189) 



where i and j are regular imbeddings of the same codimension, p and q are finite mor- 

phisms, and there exists a finite surjective morphism f : W >- Z Xx Y with p = pri o f 

and i — pr2 o f, or such that there exists a finite surjective morphism f : Z Xx Y >■ W 



with pri — p ° f and pr2 — i o f, then for any c e //»(M2, Q) we have 

P*i*(c) ^ j*q*(c) 
deg(p) deg(q') ' 



(190) 



We will use this lemma several times. All the diagrams in the proof satisfy the condition 
of Lemma. 
Recall that 

[Z^wiT)]"' = -^—(sor),l^w(^)f- 
deg sor 

The Dimension and Symmetric group invariance axioms follows trivially from the cor- 
responding axioms for the rigidified space. 

Let's prove the Degenerating connected graph axioms. 
Consider diagram 



i sor 



(O 



i so 



It implies that 



1 



deg(ior) 



(sor)*j*c = 



1 



deg(w) 



; so.c 



for any homology class c e Hti^^ j^^^iy), Q). 
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Let c = [^"Iv^Cr)]"'- We obtain 



rig ~ rig 

Using the formula [^^ff(X)Y" - fl^g^wWy^ fwra the corresponding axiom for the 
rigidified space, we obtain 

deg(so) ' deg(.vor) 

The disconnected graph axiom, weak concavity axiom and index zero axiom follow 
trivially from the corresponding axioms of rigidified space. 

Shghtiy more attention is required for the Composition axiom. It is easy to check that 



Hence, 



deg(so(r)) 



deg{soT,J deg(iOr„,) 

^ i^OYj. < LTwi^cmf >± = < l^wiJ^cudf' >± 



deg(.wr„,) 

Recall that F = ^wi^cm) ^z^(d -^wi^)- There is a natural map 

T : (Tcut) -> F 

such that 

sor o p = pr2 o T, sor^^ — qo t. 

Hence, 



degisorj deg(50r,.,) 

- ^^^^^^ q.pr*[:^w(r)r = T^^*/"-2[^>^(r)]"''. 



deg(iOr„„) deg(^) 
Let's consider the forgetting tail axiom. We have the fiber diagram 

rig J? rig 

i sor i sor' 

Hence, 

deg(ior') deg(ior) 

1 . X r—^s. 



deg(.or)^'"-'*^-^'^ 



For the second part of the forgelling tail axiom, we observe ^^^^'^^p Ynin^i Y^ij 
corresponds to the Casimir element of pairing of invariant homology 
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Therefore, [^o,3,w(T'T ^-^ is '^•' 'j'^i"'' times the Casimir element of the pairing 
on invariant homology. On the other hand, the degree of so is l^fr^W^?'- Therefore, 

[^o,3,wi7< 7~^,J~^)Y"^ = ]g| times the Casimir element of invariant homology. The proof 
of the Sum of singularity axioms follows from the fact that all the relevant maps are fiber 
products. 

Let W = W+Z where Z has no conmion monomials with W. There is a natural inclusion 
map of components 

Furthermore, there is a natural isomorphism 

Hn,^ (C^, (WO^, Q) = Hn^, (C^, (W);^, Q) 

. We can restrict the moduli space to the components ^^gkw(7)- For the Witten equation, 
we consider a family of quasihomogeneous polynomials Wt = W + tZ. Then, a simple 
cobordism argument yields 

Theorem 6.3.5. L:^g,k,w,G(7)r'' = ^g,k,w(7) n [:^g,k,w(7)f''- 

□ 
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